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In tro duction

The factorization of integer numbers is one of the more important simple mathe-
matical conceptswith applications in the real world. It is commonly believed that
factorization is hard, but nonetheless,that it is possibleto factorize an integer into
its prime factors. If we passfrom the �eld of rational numbersQ to a �nite extension
K (called number �eld ) factorization neednot be unique. For example, in the �eld
Q(

p
� 5) the integer 6 can be decomposedinto prime numbers in two distinct ways:

6 = 2 � 3 = (1 +
p

� 5)(1 �
p

� 5):

This fact led to one attempt at proving Fermat's Last Theorem, where it was
assumedthat

xn + yn =
nY

i =1

(x � � i y);

is a unique factorization (where � is a primitiv e n-th root of unit y), when in fact
this need not be the case. The notion of ideal appeared precisely to explain this
phenomenon. If OK is the ring of integers of the �eld K , then OK is a Dedekind
domain and every integer � 2 OK can be uniquely factorized into a product of
prime ideals. To understand how far away a number �eld K is from having unique
factorization into elements of OK (and not ideals of OK ), one intro ducesthe class
group

Cl(K ) = f fractional idealsg=f � OK j� 2 K � g:

The classgroup is �nite and its size,h(K ) is an important arithmetic datum of K .
Seemingly unrelated to the class number is the � -function of a number �eld.

Initially studied in connection with the distribution of the prime numbers, the � -
function of a number �eld K is

� K (s) =
X

a

1
Nas ;

where the sum runs through all integral ideals a of OK and Na represents the
norm of the ideal a. The function � K (s) is absolutely convergent when Res > 1,
has holomorphic continuation to all the complex plane and is related to the class
number by the following remarkable formula:

5
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Theorem 0.0.1 (Analytic Class Num ber Form ula). Let K be a number �eld,
let RK be the regulator of K , let hK be the classnumber and let wK be the number
of roots of unity in K . If the number �eld K has r 1 real embeddings K ,! R and r 2

complex embeddings K ,! C then

1
(r1 + r2 � 1)!

� (r 1+ r 2 � 1)
K (0) = �

hK RK

wK
:

Proof. See[Neu99]VI I.5.11.

This formula is important becauseit relates an analytic object associated with
the number �eld K (the � K -function) to an arithmetic object (the classgroup). In
particular, it allowsan e�cien t computation of hK if onehasan e�cien t computation
of � K . In 1960,Birch and Swinnerton-Dyer generalizedthis formula to elliptic curves
by noting that if O�

K is the group of units of OK , then by the Dirichlet Unit Theorem
([Neu99] I.12.12) the group O �

K is �nitely generated,has rank r 1 + r2 � 1 and its
torsion group is the group of roots of unit y, whosesizeis wK . In the caseof an elliptic
curve E de�ned over Q, the Mordell-Weil group E(Q) is �nitely generatedwith rank
r . To the elliptic curve E they associated an L-function L(E ; s) that is holomorphic
when Res > 3=2 and which they conjectured to have analytic continuation to the
whole complex plane C.

Conjecture 0.0.2 (Birc h and Swinnerton-Dy er). Let E be an elliptic curve of
rank r de�ned over Q. Then L(E ; s) has analytic continuation to a neighborhood of
1, its order of vanishing at 1 is equal to r and

1
r !

L (r ) (E ; 1) =
VRE jX (E=Q)j

jE (Q)tors j2
;

where X (E=K ) is the Shafarevich-Tate group, V is the volume and RE is the reg-
ulator of E .

The similarit y betweenTheorem 0.0.1and Conjecture 0.0.2 is quite remarkable.
Instead of the sizewK of the torsion of O�

K wenow have jE(Q) tors j2 and insteadof hK

we have the sizeof the Shafarevich-Tate group (which hasa similar behavior to that
of Cl(K )). Subsequently , Conjecture 0.0.2 has beenre�ned and later generalizedto
abelian varieties over number �elds by Tate.

Let A be an abelian variety de�ned over a number �eld K . Then the Mordell-
Weil group A(K ) is �nitely generatedand has rank r � 0. Then the conjecture, as
generalizedby Tate is

Conjecture 0.0.3. Let A be an abelian variety of rank r de�ned over a number
�eld K . Let L (A; s) be the global L -function of A, let A(K ) tors and A_ (K )tors be
the torsion subgroups of A(K ) and A_ (K ) respectively. Let RA be the regulator of
A, and let X (A=K ) be the Shafarevich-Tate group. Then L(A; s) has an analytic
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continuation to a neighborhood of 1, has order of vanishing r at 1, X (A=K ) is a
�nite group and

L (r ) (A; 1)
r !

R
A(AK ) d� A;w ;�

=
RA jX (A=K )j

jA(K )tors jjA_ (K )tors j
;

where
R

A(AK ) d� A;w ;� corresponds to the term V in Conjecture 0.0.2.

The �rst statement of Conjecture 0.0.2(that the order of vanishing of L (E ; s) at
1 is equal to the rank of E) hasbeenproven in the casewhen the order of vanishing
of L (E ; s) at 1 is 0 or 1, but otherwise, little is known about it. However, there are
proven theoremsabout the consistencyof the conjectures. Thus, if A is an abelian
variety de�ned over a number �eld L (a Galois extensionof K ) then the restriction
of scalarsRL=K A is an abelian variety de�ned over K . In 5.1.8 we show that the
conjecture (Conjecture 3.2.2) holds for oneif and only if it holds for the other. More
importantly , if A ! B is an isogeny (i.e., surjection with �nite kernel) of abelian
varieties de�ned over a number �eld K , we show in Theorem 5.2.14 that (under
certain hypotheses)the conjecture holds for A if and only if it holds for B .

We begin with an intro duction to algebraicgroupswherewe develop the topolo-
giesand Haar measuresof locally compact groups. Subsequently , we study the ge-
ometric structure of abelian varieties, as well as their measure-theoreticproperties.
We prove that two forms of the Birch and Swinnerton-Dyer conjecture that appear
in the literature are indeed equivalent and proceedto use this equivalenceto show
certain invariance properties (invariance under restriction of scalarsand invariance
under isogenies).The theory that goes into the statement of the conjecture is very
rich, encompassinganalytic (measure-theoretic),geometricand algebraicproperties
of abelian varieties. As a result, in order to prove the invarianceproperties, we need
to study the algebra of Tate's global dualit y theory for number �elds.

Notation

Let K be a number �eld, i.e., a �nite extensionof Q. Let OK be the ring of integers
of K . Let M K be the set of placesof K , let M 0

K be the set of �nite archimedean
placesand let M 1

K be the set of in�nite places. The setsM 1
K and M 0

K correspond
to the real and complex embeddingson the onehand and prime idealsof OK on the
other hand.

For every �nite place v, let K v be the completion of K with respect to the
metric de�ned by the valuation v. The ring OK is a Dedekind domain and Ov =
f x 2 K v jv(x) � 0g is a local ring with maximal ideal } v = f x 2 K v jv(x) > 0g. We
will denote by kv = Ov=} v the residue �eld at v and by qv = jkv j (if X is a �nite
set, jX j represents the cardinalit y of X ).

We will write K nr
v for the maximal unrami�ed extension of K v . Then I v =

Gal(K v=K nr
v ) is the inertia group and Gal(K v=Kv)=Iv

�= Gal(�kv=kv). Consider the
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automorphism � v : x 7! x � qv in Gal(�kv=kv) = Gal(K nr
v =K ). Choosea lift � v of � v

to Gal(K v=Kv), which we call the arithmetic Frobenius element.
The completionsK v are locally compact,Hausdor� and secondcountable. There-

fore there exists a unique (up to normalization) invariant Haar measure� v on K v .
The measure � v is uniquely de�ned by the condition

R
Ov

d� v = 1. This unique

measurecorrespondsto the normalized metric jxjv = q� v(x)
v = � v � mx=� v wheremx

is the multiplication by x automorphism. Since Ov=} n
v is an n-dimensional vector

spaceover kv , using the invariance of the Haar measurewe get that
R

} n
v

d� v = q� n
v .

Let S be a �nite set of placesv of K such that M 1
K � S. De�ne

AK ;S =
Y

v2 S

K v �
Y

v =2 S

Ov :

If OK ;S = f a 2 K ja 2 Ov ; 8v =2 Sg then OK ;S ,! AK ;S is a discrete embedding of
topological spaces.

De�nition 0.0.4. The ring of K -rational ad�elesis the ring

AK = lim� ! AK ;S ;

where the direct limit is taken over all �nite S as above.

Then AK is a locally compact, Hausdor�, secondcountable topological ring and
there exists a discrete embedding K ,! AK . The main reasonfor dealing with the
ring of ad�elesis that it encodesall the local arithmetic properties of elements of the
�eld K .

Remark 0.0.5. The topology on A �
K is not the one induced from AK . In particular,

A �
K ,! AK is not an open embedding.

If S is a �nite set of primes, let K S be the maximal algebraic extension of K
that is unrami�ed at each place v =2 S and let GS = Gal(K S=K ). If OK is the ring
of integersof K , set OK ;S = OK ;S 
 OK OK .

We follow the generally acceptednotation H r (K ; M ) = H r (Gal(K =K ); M ) and
H r (L=K ; M ) = H r (Gal(L=K ); M ) for Galois cohomologyof M .



Chapter 1

Algebraic Groups

1.1 Group Varieties

Let K be a �eld and let K be an algebraic closure of K . In classical algebraic
geometry, an a�ne variety V is a topological subspaceof K n (for somenonnegative
integer n) de�ned as the zero locusof an ideal I (V ) � K [x1; : : : ; xn ] of polynomials.
In that case, R = K [x1; : : : ; xn ]=I (V ) is called the coordinate ring of V . If R
is generatedover K [x1; : : : ; xn ] by K [x1; : : : ; xn ]=(I (V ) \ K [x1; : : : ; xn ]), then V is
said to be de�ned over the �eld K . Similarly, a projective variety V is a topological
subspaceof PK n , de�ned as the zero locus of a homogeneousideal of polynomials
I (V ) � K [x0; : : : ; xn ] (i.e., a set of homogeneouspolynomials of degreeat least k in
an ideal, for somek). For example, the ideal I = (xy � 1) � Q[x; y] de�nes an a�ne
variety Gm over Q becausexy � 1 generatesI \ Q[x; y].

Every classical variety V is identi�ed with the set of points V (K ) over K . If
the variety is de�ned over the �eld K then there is a subset V (K ) � V (K ) of K -
rational points (V (K ) may or may not be empty). For every extensionL=K , if the
variety V is de�ned over K , it will also be de�ned over L . Therefore we have an
assignment L 7! V (L), where V (L) represents the points on V whosecoordinates
lie in L . Unfortunately , the context of classicalalgebraic geometry does not allow
a thorough understanding of the functorial properties of this assignment, which is
especially important if V is a group variety.

Rather than working in an algebraicclosureK of K and understanding varieties
de�ned over K in terms of polynomials over K , we will work in the category SchK

of schemesde�ned over SpecK . More generally, we will look at the category SchS

of schemestogether with morphisms to a schemeS. The languageemployed will be
that of schemes,but the results are essentially about varieties.

De�nition 1.1.1. Let A be a ring. An abstract variety V de�ned over A is a
geometrically integral schemeV that is separatedand of �nite type over SpecA.

If A is a �eld, the category de�ned above is equal to the image in SchA of the

9
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category of varieties de�ned over A ([Har77] I I.2.6); the only di�erence is that if
V is, for example, an a�ne variety with coordinate ring R then V is the subset of
closedpoints of SpecR as an abstract variety.

A�ne varieties de�ned over a �eld K can now be realized as a�ne schemes
SpecR with a morphism to SpecK , R being the coordinate ring of the a�ne variety
de�ned over K . For example,we have de�ned the a�ne variety Gm over K , given by
the vanishing of the polynomial xy � 1 2 K [x; y]. However, the polynomial xy � 1
that generatesthe de�ning ideal has coe�cien ts in Z. Therefore we may de�ne
Gm = SpecZ[x; y]=(xy � 1) and base-extendto obtain

SpecK [x; y]=(xy � 1) �= Z[x; y]=(xy � 1) � SpecZ SpecK :

If the coordinate ring of a variety V is generatedby integer polynomials, it is best
to interpret V asan abstract variety over Z, becausein that casewe can make sense
of V (A) for every ring A. As a matter of notation, whenever we have a scheme S
and two schemesV; T 2 SchS, we write VT = V � S T. In particular, if an abstract
variety V is de�ned over a ring A and B is an A-algebra we denote by VB the
base-extensionVB = V � SpecA SpecB .

In the context of classical varieties, the assignment L 7! V (L) takes a �eld L
to the set of points of V whose coordinates lie in L . In the context of schemes
V 2 SchS, the assignment Z 7! V (Z ) = HomSch S (Z; V ) is a functor, called the
functor of points. Therefore, for each S-scheme Z we obtain a set of points V (Z );
in particular, if V is an abstract variety de�ned over a ring A then we obtain the
set V (B ) for each A-algebra B . Since VB (B ) = V (B ), we will write V (B ) for the
B -points of VB .

A subcategory of SchS is that of group schemes. A scheme G 2 SchS (let
� : G ! S be the morphism that de�nes G over S) is called an S-group schemeif
there exist a point e 2 G(S) and morphisms of S-schemesm : G � S G ! G and
i : G ! G such that:

1. The following diagram is commutativ e (i is inversion):

G
id � i //

i � id
��

e� �

&&LLL
LLL

LLL
LLL

L G � S G

m
��

G � S G m //G

2. The following diagram is commutativ e (associativit y):

G � S G � S G
id � m //

m� id

��

G � S G

m

��
G � S G m //G
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In particular, an algebraic group is an abstract variety G, de�ned over a ring A,
such that G is a group schemein SchA .

Remark 1.1.2. Let G be a group schemede�ned over a schemeS. Then the functor
Z 7! G(Z ) for Z 2 SchS de�nes a group structure on G(Z ) as follows. For x : Z !
G (so x 2 G(Z )) de�ne inversion x � 1 = i � x and for x; y : Z ! G 2 G(Z ) de�ne
multiplication x � y = m � (x; y).

Example 1.1.3. Since the category of a�ne schemesis opposite to the category of
commutativ e rings, we may de�ne the morphisms e;m and i on SpecR on the level
of R.

1. The a�ne line can be realized as a group variety as the additiv e group Ga =
SpecZ[x]. Then e corresponds to the linear map that takes x to 1; i corre-
sponds to u 7! � u and m corresponds to u 
 v 7! u + v. If A is a ring then
Ga(A) = Hom(SpecA; SpecZ[x]) = A+ .

2. Similarly, the multiplicativ e group is Gm = SpecZ[x; y]=(xy � 1). Then e
corresponds to the linear map that takes x to 1; i corresponds to the linear
map that interchangesx and y and m corresponds to u 
 v 7! uv. If A is a
ring then Gm (A) = Hom(SpecA; SpecZ[x; y]=(xy � 1)) = A � .

3. The general linear group variety is

GLn = SpecZ[x11; x12; : : : ; xnn ; y]=(det(x ij )y � 1):

Then e correspondsto the linear map that takesthe matrix M = (x11; : : : ; xnn )
to the identit y; i corresponds to the map that inverts the matrix M and m
corresponds to M 
 N 7! M N (matrix product). Note that i is a priori only
de�ned over Q. However, over Z the matrix M has determinant � 1 so its
inverse has integer entries as well. If A is a ring then GLn (A) is the usual
group of invertible n � n matrices with entries in A.

De�nition 1.1.4. An abelian variety is a complete algebraic group, i.e., it is an
algebraic group A de�ned over a �eld K , such that A is proper over SpecK .

Lemma 1.1.5. Let G be an a�ne algebraic group de�ned over a �eld K . Then
there exists a nonnegative integer n and a closed immersion ' : G ,! GLn of
SpecK -schemes.

Proof. See[Wat79] Theorem 3.4.

If K is a �eld, not necessarilyalgebraically closed,the variety

S1 = SpecK [x; y]=(x2 + y2 � 1)
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is an algebraic group whosemultiplication and inversion are the morphisms (on the
level of the ring of regular functions)

m((x; y); (z; t)) = (xz � yt; xt + yz)

i (x; y) = (x; � y):

If K contains a root of the polynomial X 2 + 1 then

(x; y) 7! (x +
p

� 1y; x �
p

� 1y);

gives an isomorphism between S1 and (Gm )K = Gm � SpecZ SpecK . However, S1

and Gm neednot be isomorphic over K . Indeed, over Fp, for p � 3 (mod 4) prime
(for p = 2, S1 is not even a variety, being nonreduced) the group (Gm )Fp (Fp) = F�

p
has p � 1 elements, while the group S1

Fp
(Fp) has p + 1 elements, parametrized by

(2u=(1 + u2); (1 � u2)=(1 + u2)) (the parametrization is well-de�ned, since p � 3
(mod 4) and thus 1 + u2 has no roots mod p). If Gm and S1 were isomorphic over
Fp, they would have the samenumber of elements over Fp.

De�nition 1.1.6. An algebraic group G de�ned over a �eld K is called a torus
if there exists an isomorphism of algebraic groups de�ned over K between G and
(S1)d = (Gm )d, where d = dim G.

Similarly, a unipotent group is classicallyde�ned asa subgroupof a linear group
GL n (K ) consisting of upper-triangular matrices. By Lemma 1.1.5 we obtain the
following de�nition:

De�nition 1.1.7. An algebraic group G de�ned over a �eld K is called unipotent
if, over K , there exists a composition seriesG = G0 � G1 � : : : � Gk � f eg of
algebraic groups such that Gi =Gi +1 is an algebraic subgroup of (Ga)K .

1.2 Restriction of Scalars

Let L=K be a �nite �eld extension and let G be an algebraic group de�ned over
L . Consider the functor of K -schemesZ 7! G(ZL ). We would like to construct an
algebraic group RL=K G de�ned over K that represents this functor, i.e., for each
K -schemeZ we have (RL=K G)(Z ) = G(ZL ).

De�nition 1.2.1. Let G be an algebraic group de�ned over a �nite �eld extension
L=K . If the functor of K -schemesZ 7! G(ZL ) is representable, we will denote the
group that represents it by RL=K G. This group is called the restriction of scalars
of G from L to K .

Let L=K be a Galois extension and let f � 1; : : : ; � dg be the set of embeddings
L ,! K . For a group G de�ned over L we call a pair (H ;  ) of a K -algebraic group
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H and morphism  : H ! G de�ned over L a restriction of scalars pair if there
exists a K isomorphism

	 = (� 1 ; : : : ; � d ) : H !
dY

i =1

G� d ;

where the twist G� i of G by � is the �b er product

G� i
� i //

��

G

��
SpecL

� i //SpecL

Lemma 1.2.2. Let L=K be a �nite Galois extension. If G is the a�ne or projective
space over L then there exists a restriction of scalars pair for G.

Proof. See[Wei82] Proposition 1.3.1.

Lemma 1.2.3. Let L=K be a �nite Galois extension. Let G be an algebraic group
de�ned over L and let G0 be a subgroup of G. If there exists a restriction of scalars
pair for G then there exists one for G0.

Proof. Assume that there exists H an algebraic group de�ned over K and a mor-
phism  : H ! G de�ned over K such that over K there is an induced isomorphism
	 : H !

Q d
i =1 G� i . Let H 0 = 	 � 1(

Q d
i =1 G0� i ). Since  is de�ned over L for any

� 2 Gal(K =L) we get that � 	 � 1 = 	 � 1 and soH 0 is de�ned over L . Then (H 0;  H 0)
is a restriction of scalarspair for G0.

Prop osition 1.2.4. Let L=K be a �nite Galois extensionand let G be an algebraic
group de�ned over L . If (H ;  ) is a restriction of scalars pair for G then H represents
the functor of K -schemesZ 7! G(ZL ), i.e., H = RL=K G.

Proof. Let Z be a K -scheme and supposethat � : Z ! H is a morphism de�ned
over K , i.e., � 2 H (Z ). Consider the commutativ e diagram

SpecL

��

ZLoo � //

�
��

�

  A
AA

AA
AA

A G

SpecK Zoo � //H

	

OO

where � : ZL ! Z is the projection to the Z factor in the �b er product ZL and
� = 	 � � � � 2 G(ZL ). Denote by F the natural map that takes � to � . To prove
that H represents Z 7! G(ZL ) is it enough to show that F : H (Z ) ! G(ZL ) is
bijective.
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Supposethat � 2 G(ZL ) and let � = 	 � 1 � � = (� 1 ; : : : ; � d ) � 1 � (� 1�; : : : ; � d� ).
A priori this is a morphism de�ned over L , but for � 2 Gal(L=K ) we have

� � = (� � 1 ; : : : ; � � d ) � 1 � (� � 1�; : : : ; � � d� ) = �

since � permutes the � i . Therefore � is de�ned over K . Consequently , � factors
through Z sothere existsa morphism � : Z ! H de�ned over K such that � = � � � .
In particular, F is surjective sinceF (� ) = � .

Suppose there exist � 1; � 2 2 H (Z ) such that F (� 1) = F (� 2). For each z 2 Z
consider an open a�ne neighborhood U = SpecRz of z. Since the map Rz !
Rz 
 K L is injective (Rz is a K -vector space), there exists z0 2 SpecRz 
 K L
such that � (z0) = z. Therefore, � is surjective. Then, for each z 2 Z there exists a
z0 2 ZL such that � (z0) = z which implies that � 1(z) = � 1(� (z0)) = � 2(� (z0)) = � 2(z).
However, morphisms are not de�ned by their values on points. Consider an open
a�ne cover of H by f Ui g and let Vi = � � 1

1 (Ui ) be the open preimage of Ui in
Z , under the continuous map � 1. Let f Wij g be an a�ne open cover of Vi . Since
� 1 and � 2 take the samevalues on points, we have � k (Wij ) � Ui for k = 1; 2. Let
Wij = SpecR ij and let Ui = SpecT i . Sincethe categoryof a�ne schemesis opposite
to the category of commutativ e rings, the following diagrams are equivalent:

Wij � K L

�
��

�

$$II
III

III
II

Rij 
 K L

Wij

� 1
**

� 2

44Ui Rij

~�

OO

Ti
~� 1

kk
~� 2ss

~�
ddHHHHHHHHHH

But ~� is an injection so ~� 1 = ~� 2 so the morphisms � 1 and � 2 are equal, since they
agreelocally.

Note that by construction dim RL=K G = [L : K ] dim G. Moreover, if we base
extend the restriction of scalarsto the algebraic closure, it splits into a product of
't wists' of the original group.

Corollary 1.2.5. Let L=K be a Galois extension and let G be an algebraic group
de�ned over L . If G is a torus, unipotent group or abelian variety then RL=K G is a
torus, unipotent group or abelian variety, respectively.

Proof. If G is a torus then RL=K G is isomorphic over K to a product of Gm , so
RL=K G is a torus. If G is an abelian variety, there existsa closedimmersionH ,! Pm

L

for somem. Thereforethere existsa K immersionRL=K G �=
Q

� G� ,!
Q

Pm
K

,! PN
K

whereN = (m+ 1)[L :K ] � 1 is givenby the Segreembedding. But any such immersion
is de�ned over a �nite extension M =K (by Lemma 1.2.6 we could chooseM = L).
Let ' : HM ,! PN

M be the immersion and let L = ' � OPN
M

(1) be a very ample
invertible sheafon HM . In that case
 � :M ,! K L � is an ample invertible sheafon H ,
which provesthat H is projective, hencean abelian variety.
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If G is unipotent, there exists a composition seriesG = G0 � G1 � � � � � Gm �
f 1g de�ned over K such that Gi =Gi +1

�= (Ga)K . Then Gij = G� j
i �

Q
k>j G� k

0 is a
K -composition seriesfor RL=K G:

RL=K G = G0;0 � G1;0 � � � � � Gd;j � G0;j +1 � G1;j � � � � � Gm;d � f 1g;

with Gi;j =Gi +1 ;j
�= (Ga)K if i < d and Gd;j =G0;j +1

�= (Ga)K otherwise.

The following lemma shows that it is enough to base-extend to the �eld of
de�nition of the group to obtain a decomposition into groups isomorphic over L to
G:

Lemma 1.2.6. Let L=K be a �nite separableextensionof �elds and let Gal(L=K ) =
f � 1; : : : ; � dg. For any a�ne or projective algebraic group G we have

RL=K G � SpecK SpecL �=
dY

i =1

G� i :

Proof. Since we will not be using this result, we direct the reader to [PR94] 2.1.2
for further details.

Example 1.2.7. Let L=K be a �nite extension of �elds and let (Gm )L be the one-
dimensional split torus over L . Then RL=K Gm is a [L : K ]-dimensional torus over
K that comeswith a distinguished map  : RL=K Gm ! Gm . De�ne R1

L=K Gm to be
the algebraic group that makesthe following sequence(de�ned over K ) exact:

1 ! R1
L=K Gm ! RL=K Gm ! Gm ! 1:

If we baseextend to K , RL=K Gm � K K �=
Q d

i =1 (G� i
m )K and so R1

L=K Gm � K L =
Q d

� i 6=1 G� i
m is clearly an algebraic torus.

Remark 1.2.8. Restriction of scalars from a �eld L to a sub�eld K is an e�ectiv e
process. Given equations de�ning a group G over L one can �nd equations for
RL=K G over K . For example,the group (Gm )C is de�ned by the equation xy � 1 = 0.
To obtain equations for RC=R(Gm )C write x = x1 + ix 2 and y = y1 + iy2 where
C = R[1; i ]. Then xy � 1 = 0 can be rewritten asx1y1 � x2y2 � 1+ i (x1y2 + x2y1) = 0
so the group RC=R(Gm )C is de�ned over R by the equations x1y1 � x2y2 � 1 = 0
and x1y2 + x2y1 = 0. Then the map  takes (x1; x2; y1; y2) to (x2

1 + x2
2; y2

1 + y2
2) =

(NC=Rx; NC=Ry) and is generally called the norm map. Finally, R1
C=R(Gm )C = ker  

is given by the equationsx1 = y1; x2 = � y2 and x2
1 + x2

2 = 1.
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1.3 Algebraic Groups over a Nonalgebraically Closed
Field K

We have seenin Section 1.1 that the groups S1 and Gm , not isomorphic over F3,
becomeisomorphic over F3. Let K be a �eld and let G be an algebraicgroup de�ned
over K . More generally, we would like to understand the set of abstract varieties
de�ned over K , which are isomorphic to G over K .

De�nition 1.3.1. Let L=K be a �nite extensionof �elds and let G be an algebraic
group de�ned over K . An L=K -form of G is a pair (H ;  ) of an abstract variety H

de�ned over K and an isomorphism H
 
! G de�ned over L .

Two L=K -forms of G, (H1;  1) and (H2;  2), are said to be K -isomorphic if
there exists an isomorphism ' de�ned over K and a commutativ e diagram:

H1
' //

 1   B
BBB

BB
H2

 2~~|||
|||

G

De�ne F (L=K ; G) to be the set of L=K -forms of G, modulo K -isomorphisms.

Theorem 1.3.2. Let L=K be a �nite �eld extension and let G be an a�ne or
projective algebraic group de�ned over K . Then there exists a bijection

F (L=K ; G) ! H 1(Gal(L=K ); Aut L (G)) ;

where Aut L (G) represents the set of (not necessarily origin-preserving) isomor-
phisms of G onto itself.

Proof. For any � 2 Gal(L=K ) consider the diagram (over L)

G

 � 1   A
AA

AA
� ( )�  � 1

//G

H
� ( )

>>}}}}}

where � ( ) �  � 1 2 Aut L (G). Then � 7! � ( ) � 1 is a cocycle since(� � )(  ) � 1 =
� (�  )( � ( )) � 1� ( ) � 1. (Of course,it is not a coboundary since =2 Aut L (G).)

Let � be the map that associates to each L=K -form (H ;  ) the cocycle (� 7!
� ( ) � 1) 2 H 1(L=K ; Aut L (G)). We need to show that � is well-de�ned. Assume
that (H ;  ) = (F; � ) in F (L=K ; G). Therefore, there exists a K -isomorphism f :
H ! F that makesthe diagram

H
f //

   A
AA

AA
F

�~~~~
~~

~

G
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commutativ e over L . Then

� 7! � ( ) � 1 = � (�f )( �f ) � 1 = � (� )� (f )f � 1� � 1 = � (� )� � 1;

becausef is de�ned over K .
To prove that � is a bijection, we �rst needto show injectivit y. If �(( H ;  )) =

0 2 H 1(L=K ; Aut L (G)), then there exists f 2 Aut L (G) such that � ( ) � 1 =
� (f )f � 1 for every � 2 Gal(L=K ). Then there exists a diagram de�ned over L

H

   A
AA

AA
f � 1 �  //G

f~~~~
~~

~

G

But � (f � 1 �  ) = f � 1 �  for every � 2 Gal(L=K ) so f � 1 �  is a K -isomorphism
between(H ;  ) and (G; f ).

We will only show surjectivit y in the casewhen G is an a�ne group. (When G is
projective, the proof is similar; see[Ser88],Corollary 21.2.) Let f 2 H 1(L=K ; Aut L (G))
be a cocycle. We would like to 't wist' G by f to obtain a new variety Gf , an L=K -
form of G. SinceG is a�ne, let G = SpecR, where R = OG(G) is the ring of global
sectionsof the sheafof regular functions on G.

There is a natural action of Gal(L=K ) on R 
 K L, given by � (r 
 l ) = r 
 � (l ).
To get the twist, we need to create a new K -algebra Rf . For every � 2 Gal(L=K )
an automorphism g of G inducesan automorphism eg : R 
 K L ! R 
 K L, de�ned
over L . Construct a new action of Gal(L=K ) on R 
 K L de�ned by

� � (r 
 l ) = ^(� � f (� ))( r 
 l ) = � (r 
 l ) � f (� );

for every r 2 R; l 2 L (if we interpret r 
 l as a regular function on GL ). This is a
well-de�ned action, sincefor � ; � 2 Gal(L=K ) we have (f is a cocycle)

� � � (r 
 l ) = � � (r 
 l ) � f (� � ) = � � (r 
 l ) � � f (� ) � f (� )

= � (� (r 
 l ) � f (� )) � f (� ) = � � (� � (r 
 l ))

Since R is the �xed part of R 
 K L under the natural Gal(L=K )-action, we can
analogouslyde�ne Rf to be the �xed part of R 
 K L under the new action � . Then
Rf has the structure of a K -algebra and Gf = SpecRf is an a�ne variety over
K . But, Rf 
 K L �= R 
 K L, which corresponds to an L-isomorphism between
G and Gf . If  : G ! Gf is an L-isomorphism, then  induces an isomorphism
e : Rf 
 K L �= R 
 K L with the property that � e (r 
 l ) = e (� � (r 
 l )) for
� 2 Gal(L=K ). But then

� (r 
 l ) � � ( ) = � (r 
 l ) � f (� ) �  ;

which implies that f (� ) = � ( ) �  � 1, so we get the cocycle we started with.
Therefore, 	 is surjective.
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Passingto direct limit the bijection F (L=K ; G) �= H 1(L=K ; Aut L (G)), one sim-
ilarly gets that

F (K =K; G) �= H 1(K ; Aut K (G)) :

Example 1.3.3 (One-dimensional tori over a �nite �eld Fq). Theorem 1.3.2 can be
usedto characterize the forms of G = (Gm )Fq , the split one-dimensionaltorus over
the �nite �eld Fq.

Since the category of a�ne schemesis opposite to that of commutativ e rings,
EndFq

(G) is given by EndFq
(Fq[x; y]=(xy � 1)) �= Z sincex can map to either a power

of x or a power of y. Therefore

F (Fq=Fq; Gm ) �= H 1(Gal(Fq=Fq); Aut (Z)) = Hom(bZ; f� 1g);

since Gal(Fq=Fq) �= bZ. Let Frob be the topological generator of Gal(Fq=Fq) corre-
sponding to the unit in bZ (recall that bZ = lim � Z=nZ). Any continuouscocycle(which
must be a homomorphism,becausethe Galois action is trivial) is determined by the
value it assignsto Frob, so F (Fq=Fq; G) = f� 1g.

Since for the extension Fq2 =Fq we still have H 1(Fq2 =Fq; f� 1g) = f� 1g, there
are two one-dimensionaltori over Fq, and they both split over Fq2 . To the cocycle
that assigns1 to Frob corresponds (Gm )Fq . To determine the torus corresponding
to the cocycle that assigns� 1 to Frob, recall that R1

Fq2 =Fq
Gm is one-dimensional,

since [Fq2 : Fq] = 2. As in Remark 1.2.8, the group R1
Fq2 =Fq

Gm is de�ned by the

equations x1 = y1; x2 = � y2 and x2
1 � cx2

2 = 1, where c is a generator of F�
q (i.e.,

Fq2 = Fq(
p

c)). Therefore, (Gm )Fq and R1
Fq2 =Fq

Gm are not isomorphic over Fq and

R1
Fq2 =Fq

Gm must be the one-dimensionaltorus corresponding to the cocycle � 1.

1.4 Structure of Algebraic Groups

When we will analyze the reduction of abelian varieties over �nite places v of a
number �eld K , we will encounter smooth, connectedalgebraic groups de�ned over
the residue �eld kv at v, which are not necessarilyabelian varieties. The following
two theoremsdetermine the structure of such groups.

Theorem 1.4.1 (Chev alley). Let G be a smooth, connected group de�ned over
a �nite �eld k. Then there exists an exact sequence (de�ned over k) of smooth
connected algebraic groups

1 ! A ! G ! B ! 1;

where A is an a�ne group and B is an abelian variety.

Proof. The proof can be found in [Con02]. The Theorem holds more generally for
any perfect �eld k.
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To complete the characterization of connectedsmooth groups over �nite �elds
we needto understand generalsmooth, connecteda�ne groups.

Theorem 1.4.2. Let A be an smooth, connected, a�ne algebraic group de�ned over
a �nite �eld k. Then there exists a maximal torus T of A and a smooth connected
unipotent group N , such that

1 ! T ! A ! N ! 1

is an exact sequence de�ned over k.

Proof. See[Wat79], Theorem 9.5.

1.5 Topologizing G(R)

1.5.1 Discrete Valuation Rings

For convenience,all topological groups (or rings) in this section are assumedto be
Hausdor�, locally compact and secondcountable topological spaces. Let R be a
topological ring and let K be its fraction �eld. In the classicalcontext, for every
a�ne variety V de�ned over K , the set V (K ) comeswith a topology inherited from
K

n
for somenonnegative integern. In the context of abstract varieties, this doesnot

happen. Let Top be the category of topological spaceswith morphisms continuous
functions. We would like a functor Sch0

R ! Top that assignsa topology to X (R)
for X 2 Sch0

R , where Sch0
R represents schemeslocally of �nite type in SchR . This

section is written under the in
uence of [Con].

Prop osition 1.5.1. Let X 2 SchR be an a�ne, �nite type R-scheme. There
exists a topology on X (R) that depends functorial ly on X and turns X (R) into
a Hausdor�, locally compact and second countable topological space. Moreover, the
map X 7! topology on X (R) is a functor that respects �b er products and takesclosed
immersions to closed embeddings. If R � is open in R then every open immersion of
a�ne, �nite type R-schemesU ,! X yields an open embedding U(R) ,! X (R).

Proof. Since X is a�ne of �nite type, there exists a closed immersion i X : X ,!
SpecR[x1; : : : ; xn ] for somen; therefore there exists an ideal I of R[x1; : : : ; xn ] such
that X �= SpecR[x1; : : : ; xn ]=I . Then we can endow X (R) with the topology inher-
ited from Rn by identifying X (R) with the subsetof points of Rn in the zero-locus
of I .

To prove functorialit y in X , considera morphism of a�ne, �nite type R-schemes
f : X ! Y , a closedimmersion i Y : Y ,! SpecR[y1; : : : ; ym ] and an identi�cation
Y �= SpecR[y1; : : : ; ym ]=J, where J is an ideal of R[y1; : : : ; ym ]. The morphism f
inducesa morphism � : SpecR[x1; : : : ; xn ] ! SpecR[y1; : : : ; ym ] such that � � i X =
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i Y � f . Therefore, there existsa map  : Rn ! Rm that makesthe following diagram
commutativ e:

Rn  //Rm

X (R)

i X

OO

f
//Y(R)

i Y

OO

such that  is given by polynomial maps. Then  is continuous, which shows that
the topology on X (R) agreeswith the topology on Y(R). In particular, this shows
that the topology on X (R) is independent on the closedimmersion i X .

The properties of X (R) of being Hausdor� and secondcountable are inherited
from the topology on Rn . Moreover, if X ,! Y is a closedimmersion, then by func-
torialit y of topologizing X (R) and Y(R) we may embed X and Y into R[x1; : : : ; xn ]
for the samen. Then the image of X (R) in Y (R) is given by the vanishing of a
continuous map (as in the proof of functorialit y); since Y(R) is Hausdor�, we get
that X (R) ,! Y (R) is a closedembedding. Consequently , sinceX (R) is Hausdor�
in Rn , the topological spaceX (R) is also locally compact.

Let X and Y be a�ne, �nite type schemesover R, and consider closed im-
mersions X ,! SpecR[x1; : : : ; xn ]; Y ,! SpecR[y1; : : : ; ym ]. Then there exists a
closedimmersion X � R Y ,! SpecR[x1; : : : ; xn ; y1; : : : ; ym ] and by functorialit y the
topology on (X � R Y)(R) is the sameas the topology on X (R) � Y (R).

It is enough to show the fact that U(R) ,! X (R) is an open embedding when
X = SpecA (for A = R[x1; : : : ; xn ]=I ) and U = SpecA f for some f 2 A (since
SpecA f form a basis for the topology on X ). A point in U(R) is a morphism
 : SpecR ! SpecA f which corresponds to a homomorphism A f ! R. But
U(R) � (SpecA)(R) then corresponds to the set of homomorphismsA ! R that
send f to an element in R� . Since R� � R is open, U(R) is open, since it is the
inverseimage of an open set.

Corollary 1.5.2. If R� is open in R and X is a locally of �nite type R-scheme,
then we can functorial ly assign a topology to X (R) that agrees with the topology
assigned in Proposition 1.5.1 when X is a�ne, of �nite type.

Proof. Let X be a locally of �nite type R-scheme. Every point in X (R) is a mor-
phism SpecR ! X which factors through an a�ne open SpecR ! U ! X . This
meansthat we can de�ne a topology on X (R) having as a subbasisthe topologies
on U(R), for each a�ne open immersion U ,! X . To seethat this agreeswith the
topology constructed in Proposition 1.5.1 for X a�ne, of �nite type, let U ,! X be
an open immersion. But then U(R) ,! X (R) is an open embedding for the topol-
ogy on X (R) previously constructed. Therefore, the two topologiesagreewhen X
is a�ne, of �nite type over R.
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Remark 1.5.3. SinceO�
v is open in Ov (where Ov is the ring of integersof a �nite

placev of a number �eld K ) this allows us to topologizeX (Ov) for every �nite type
schemeX de�ned over SpecOv .

Remark 1.5.4. If R� is open in R and X ,! Y is an open immersion of locally of
�nite type R-schemes,then X (R) ,! Y (R) is an open embedding by Proposition
1.5.1 and the construction of the topology on X (R).

Let R be a discrete valuation ring with fraction �eld K . Then for every locally
of �nite type R-schemeX we topologizedX (R); sinceK is a topological R-algebra
and K � is open in K , we can topologize X (F ) = (X � R F )(F ). The following
lemma mirrors the fact that R is compact in K .

Lemma 1.5.5. If R is a topological discrete valuation ring and K is its �eld of
fractions, then X (R) ,! X (F ) is an open embedding. If, moreover, R is nonar-
chimedean and X is of �nite type, then X (R) is a compact topological space.

Proof. Sincean open immersion X ,! Y inducesan open embedding X (R) ,! Y (R)
for X and Y locally of �nite type R-schemes(Remark 1.5.4), and sincea basis for
the topology on X (R) is given by U(R) for a�ne open immersion U ,! X , it is
enoughto check that X (R) ,! X (F ) is an open embedding on the level of an open
cover. So assumeX is a�ne, of �nite type over R.

Consider an open immersion X ,! SpecR[x1; : : : ; xn ] = An
R . Then, X (R) ,!

An
R (R) and X (K ) ,! An

R (K ) are open embeddings,by Proposition 1.5.1. Therefore,
it is enoughto check that An

R (R) ,! An
R (K ) is an open embedding. By Proposition

1.5.1, the functor that assignsa topology commutes with products over R, so it is
enoughto check that A1

R (R) ,! A1
R (K ) is an open embedding. But this is equivalent

to saying that R ,! K is an open embedding which is true, sinceR is a topological
discrete valuation ring and K is its �eld of fractions.

Assumethat R is nonarchimedean. Then, for every a�ne open U, the set U(R)
is compact in U(K ) since U(R) inherits its topology from Rn and Rn is compact
in K n . If X is of �nite type, then we can cover X with �nitely many open a�nes
f U1; : : : ; Usg. SinceUi (R) are compact, it is su�cien t to prove that X (R) is covered
by Ui (R). Let f : SpecR ! X be a morphism, i.e., f 2 X (R). The only way in
which f can fail to be in

S s
i =1 Ui (R) is if the image of f is not fully contained in

any of the Ui . But R is a topological discrete valuation ring, which implies that
SpecR = f u; vg where u is the closedpoint and the v is the generic point of R (if
m is the maximal ideal of R then u = SpecR=m and v = SpecK ). Assume there
exist i 6= j such that f (u) 2 Ui n Uj and f (v) 2 Uj n Ui , i.e., that the image of f is
not contained in one a�ne Ui . But then f � 1(Ui ) and f � 1(Uj ) are open sets (since
f is continuous) and they separateu; v; this cannot be, sinceu lies in the closureof
v.
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1.5.2 Ad �elic Poin ts on Varieties

Recall that if K is a number �eld then AK is the (topological) ring of ad�eles. Since
AK is a K -algebra, we have X (AK ) = HomK (SpecAK ; X ) = (X � K AK )(AK ) for
every K -schemeX . We would like to topologizethis set in a way that is functorial
in X , for X an abstract variety de�ned over K . In the casewhen X is a�ne and
of �nite type, we may use Proposition 1.5.1 to achieve this goal. Moreover, the
following proposition is a generalization of the fact that K ,! AK is a discrete
embedding. In particular, it will show that if X is a�ne and of �nite type over K ,
then X (K ) embedsdiscretely in X (AK ).

Prop osition 1.5.6. Let R1 ,! R2 be a closed and discrete embedding of topological
rings. Let X 1 be an a�ne �nite type R1-schemeand let X 2 = (X 1)R2 . Then there
exists a closed and discrete embedding X 1(R1) ,! X 2(R2) = X 1(R2) (which is well-
de�ned since R2 has the structure of an R1-algebra).

Proof. The closed embedding R1 ,! R2 induces a closed embedding X 1(R1) ,!
X 2(R2), becausethe embedding Rn

1 ,! Rn
2 is closedfor every n. Since R1 embeds

discretely in R2 we get that Rn
1 embedsdiscretely into Rn

2 so the samehappenson
their subsetsX 1(R1) and X 2(R2) with their inherited topologies.

However, as we have seenin Remark 0.0.5, A �
K is not open in AK , so we cannot

use Corollary 1.5.2 to topologize X (AK ), if X is an abelian variety, for example.
Even in the casewhen X is a�ne of �nite type, we would like to topologizeX (AK )
in a manner that is compatible with the previously constructed topologieson X (K v)
and Xv(Ov), if Xv is a model over OK ;S for X .

The main problem with this is that the ring AK consistsof sequences(xv)v such
that xv 2 K v and xv 2 Ov for all but �nitely many placesv. However, X is de�ned
over K and Ov is not a K -algebra, so there is no canonical notion of Ov-valued
points of X . If X is de�ned over K v by an ideal of polynomials I , then for f Pi g a
set of generatorsof I , the rational roots of all Pi will lie in K n

v for somen. In that
case,we could de�ne the Ov-points to be those roots which lie in On

v . However, this
set dependson the choice of generatorsof I . A more functorial way to expressthe
choice of equations is the notion of a model.

De�nition 1.5.7. Let K be a �eld and let R be a subring of K . Let X be a
K -scheme. A model X for X over R is an R-schemesuch that X � R K �= X .

The above de�nition simply says that if the model X has equationswith coe�-
cients in R, then X is the variety given by the sameequations,but whosecoe�cien ts
arenow interpreted in K . As it stands,the de�nition of a model is too inclusive to be
useful. We will restrict our attention to models which are smooth, separatedand of
�nite type over R. For example,let K be a number �eld and let OK be its ring of in-
tegers. If G = SpecK [x1; : : : ; xn ]=(f 1; : : : ; f d) is an a�ne algebraicgroup and m 2 Z
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such that mf 1; : : : ; mf d 2 OK [x1; : : : ; xn ], then SpecR[X 1; : : : ; X n ]=(mf 1; : : : ; mf d)
is an a�ne model for G, which is separatedand of �nite type over OK .

From now on we will restrict our attention to algebraic groups G de�ned over a
number �eld K . Let S be a �nite set of placesof K , such that S contains the set
of in�nite places,M 1

K . Recall that OK ;S is the set of x 2 K , such that v(x) � 0
for all v =2 S and AK ;S = f (xv)v 2 AK jv(xv) � 0; 8v =2 Sg, an OK ;S-algebra.
Choosea model GS for G over OK ;S such that GS is smooth, separatedand of �nite
type, as above. (In terms of equations this corresponds to clearing denominators
with positive v-valuation for v =2 S.) Given that lim� ! AK ;S = AK , one can use the
following theorem to rede�ne G(AK ).

Theorem 1.5.8. Let Ri be a direct systemof rings and R = lim� ! Ri . If X i and Yi

are �nitely presented R i -schemesthen for j � i we have

lim� !
j

HomR j ((X i )R j ; (Yi )R j )
�=� ! HomR ((X i )R ; (Yi )R ):

Proof. See[BLR90], Lemma 1.2.5.

The previous theorem is a global version of the denominator clearing procedure
for the construction of a model for a�ne varieties over OK ;S . Having chosen a
separatedand of �nite type model GS for G over OK ;S , let GT = GS � OK ;S OK ;T for
each �nite set T � S. In Theorem 1.5.8 let f T �nite jT � Sg be the direct system
and let RS = OK ;S . Let X S = SpecAK ;S which implies that X T = X S � OK ;S OK ;T =
SpecAK ;T . Finally, lim� ! RS = K , (X S)K = AK and (GS)K = G, sinceGS is a model
for G. Therefore, by Theorem 1.5.8 we get a bijection

lim� !
T

HomOK ;T (SpecAK ;T ; GT ) = HomK (SpecAK ; G);

or, equivalently ,

lim� !
T

GT (AK ;T ) = G(AK ) (1.5.1)

Remark 1.5.9. The identi�cation 1.5.1 can be made precise,as follows. SinceAK ;T

is a OK ;S algebra (S � T), we have an identi�cation GT (AK ;T ) = GS(AK ;T ) and
similarly G(AK ) = GS(AK ). SinceAK ;T � AK there is a natural map GS(AK ;T ) !
GS(AK ) which inducesa natural map

lim� !
T

GT (AK ;T ) = lim� !
T

GS(AK ;T ) � ! GS(AK ) = G(AK ):

By Theorem 1.5.8 this natural map is bijective. In particular, if we had topologies
on GS(AK ;T ), they would induce a topology on G(AK ).
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We would like to construct (functorially) a topology on GS(AK ;S), for S a �nite
set of primes. Recall that GS is de�ned over SpecOK ;S , so we are allowed to de�ne
GS;v = GS � OK ;S Ov , for placesv =2 S. For the placesin S, write Gv = GS � OK ;S K v .
In order to de�ne a topology on GS(AK ;S), we need to relate the set of points
GS(AK ;S) to the setsGS;v(Ov) and Gv(K v), for which we have already constructed
functorial topologiesin Corollary 1.5.2.

Prop osition 1.5.10. There exists a bijection

GS(AK ;S) =
Y

v2 S

Gv(K v) �
Y

v =2 S

GS;v(Ov):

Proof. See[Con], Theorem 2.10.

Remark 1.5.11. This is not a very surprizing result, since the sameresult for Ga is
the de�nition of AK ;S . The product topology on

Q
v2 S Gv(K v) �

Q
v =2 S GS;v(Ov) =

GS(AK ;S) inducesa functorial topology on G(AK ) that is compatible with the topol-
ogy constructed in Proposition 1.5.1 in the casethat G is a�ne.

Prop osition 1.5.12. Let G be an algebraic group de�ned over a number �eld K
and let S � M 1

K be a �nite set of primes. If G hasa separated and �nite-typ e model
GS over OK ;S , then G(AK ) is a (Hausdor�, second countable, locally compact)
topological group.

Proof. By construction, the topological spaceGS(AK ;S) is secondcountable (sinceit
has the product topology of a countable number of secondcountable spaces).Since
GS is separated, GS(AK ;S) is Hausdor�. By Lemma 1.5.5, the topological spaces
GS;v(Ov) are compact. SinceGv(K v) are locally compact, Proposition 1.5.10implies
that the spaceGS(AK ;S) is locally compact (using Tychonov's theorem). The result
then follows from Remark 1.5.9. (See[Con], 2.12.)

Therefore, if G is an algebraic group with a separatedand �nite-t ype model GS

over OK ;S , then G(AK ) is a locally compact topological group. If G is an abelian
variety, it is projective by Proposition 2.2.4 and it has a 'N�eron' model, which is a
smooth, separatedand �nite-t ype model over OK (by Theorem 2.3.2). In this case,
more can be said about the topology of G(AK ).

Prop osition 1.5.13. If A is an abelian variety de�ned over a number �eld K , then
A(AK ) is a compact topological group.

Proof. The proof of this theorem dependson technical results from Section2.3, but
the proposition belongshere from a logical perspective. Let A be the 'N�eron' model
for A over OK , i.e., a smooth, separatedand of �nite type model for A over OK . By
Corollary 2.4.4 and Lemma 2.3.9, there exists a �nite set of placesS containing the
M 1

K of in�nite placessuch that A S = (A)OK ;S is proper. (In the technical language
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of Section 2.3, A has good reduction at all placesv =2 S; for each such place v of
good reduction, the �b er of A over v is an abelian variety, henceproper.)

Let v =2 S and let A v = A � OK Ov . By the valuative criterion of properness

(or by the N�eron mapping property) we have a bijection A v(Ov)
�=� ! A(K v). By

Lemma 1.5.5 it will be an open embedding, which implies that the bijection is a
homeomorphism. Consequently , if T � S is a �nite set of places,then there exists
a homeomorphism

AS(AK ;S) � ! AT (AK ;T );

since
AS(AK ;S) �= AT (AK ;T ) �=

Y

v

A(K v)

by the above. Therefore, to prove that A(AK ) is compact, it is enoughto show that
each AT (AK ;T ) is compact. Since AT (AK ;T ) �=

Q
A(K v), by Tychonov's theorem,

it is enoughto show that each X (K v) is compact.
Let v be a �nite place. Since A is projective, there exists a closed immersion

AK v ,! Pm
K v

(where Pm = Proj Ov [x1; : : : ; xm ]), which induces a closedembedding
A(K v) ,! Pm

K v
(K v), since O�

v is open in Ov (Proposition 1.5.1). By the valuative
criterion of properness,Pm

K v
(K v) = Pm (Ov). SincePm (Ov) canbecoveredby �nitely

many sets of the form U(Ov), where U is a�ne open, and each U(Ov) is compact
by Lemma 1.5.5, it follows that Pm

K v
(K v) is compact. Therefore, A(K v) is compact

as a closedsubsetof a compact set.
Similarly, if v is real of complex, we need to show that Pm R and Pm C are

compact. But Pm R and Pm C can be realizedas �nite CW-complexes,which implies
that they are compact ([Hat02], 0.4, 0.6).

1.6 De�ning a Measure on G(R)

Let R be a topological discrete valuation ring and let K be its fraction �eld, of
characteristic 0 (for example, R = Ov and K = K v). Let G be a �nite type group
schemeof dimension n over K . In particular, G is smooth over F .

Lemma 1.6.1. The topological space G(K ) has the structure of an n-dimensional
topological K -manifold, i.e., for every point g 2 G(K ) there exists an open neigh-
borhood W of g and a homeomorphism  : W !  (W) onto an open set in K n

endowed with the product topology.

Proof. Every morphism SpecK ! G factors through some open a�ne U ,! G.
Sincethe condition of being a manifold is local, it is enoughto check that U(K ) is an
K -manifold. Consider a closedimmersion h : U ,! SpecK [x1; : : : ; xm ] that induces
an isomorphism U �= SpecK [x1; : : : ; xm ]=I for an ideal I generatedby polynomials
f 1; : : : ; f k . Then U is a smooth a�ne subvariety of Am

K so U(K ) is a K -manifold by
the implicit function theorem.
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We would like to de�ne a di�eren tial structure on G(K ) that is compatible with
the di�eren tial structure on G. Since G is a smooth group variety of dimension n
over K , the sheafof di�eren tials of top degree,
 n

G=K , is a freeOG-module generated
by an invariant di�eren tial w ([BLR90], Chapter 4.2, Corollary 3). We would like
to use this di�eren tial together with the canonical measure � v to de�ne a Haar
measureon the locally compact topological groups G(K ) and G(R). Sinceboth w
and a Haar measureon G(K ) are left invariant, it is enoughto de�ne the measure
in a neighborhood of a point g 2 G(K ). As before, let U ,! X be an a�ne open
immersion such that g 2 U(R). Let W � U(R) be an open neighborhood of g and
let  : W !  (W) be a homeomorphismonto an open neighborhood of K n .

Consider a closed immersion h : U ,! SpecK [x1; : : : ; xm ] = Am
K . Note that

G is smooth at g which implies that exist local generating sections y1; : : : ; yn of
OG(U) at g such that dy1; : : : ; dyn generate (
 1

G=K )g, where 
 1
G=K is the sheaf

of di�eren tials of degree1 on G. Then by the Jacobi criterion ([BLR90], Chap-
ter 2.2, Proposition 7) we may assumethat dy1; : : : ; dyn ; dxn+1 ; : : : ; dxm gener-
ate (
 1

Am
K

)g as a (OAm
K

)g-module. Therefore, via the immersion f we can iden-
tify f (y1); : : : ; f (yn ) with coordinate functions on An

K � Am
K . This processcan be

reversed. Let z1; : : : ; zn be the standard coordinates on An
K . By the above, the

pullbacks y1 = h� (z1); : : : ; yn = h� (zn ) form local generating sections of OG(U).
De�ne dyi;v =  � dzi , i.e., dyi;v are the pullbacks of the standard di�eren tials on K n ,
viewed as a K -manifold. The di�eren tials dzi are the normalized Haar measures
on the K -lines de�ned by the directions zi ; their pullbacks, the di�eren tials dyi;v

transport the di�eren tial structure from K n to G(K ).
Sincedy1; : : : ; dyn generate(
 1

G=K )g, in a small enoughopen neighborhood V �
U of g we can write w = f dy1 ^ dy2 ^ : : :^ dyn wheref 2 (OG)g is a rational function
in OG(V ) and is well-de�ned at g. This implies that one can expressf as a power
seriesin the local coordinates y1; : : : ; yn :

f =
X

i 1 ;:::;i n

ai 1 i 2 :::i n (y1 � y1(g)) i 1 � � � (yn � yn (g)) i n ;

that convergesin a small enoughopen neighborhood V .
In a neighborhood of g, de�ne jwjv to be jf jvdy1;v ^ : : : ^ dyn;v , where jf jv is

the usual norm associated to the rational function f . The following lemma makes
implicit useof the identi�cation of a measure� with the integral

R
d� it de�nes (by

the Riesz representation theorem).

Lemma 1.6.2. There exists a global invariant Haar measure
R

jwjv on G(K ), that
is compatible with the local invariant di�er entials jwjv .

Proof. It is enough to show that, locally, the di�eren tial form jwjv is functorial in
the choiceof local coordinates z1; : : : ; zn . By Fubini's theorem we can do integration
on �b ers so it is enoughto prove functorialit y if we only changez1 to another local



CHAPTER 1. ALGEBRAIC GROUPS 27

coordinate t1. If s1 = h� (t1), note that ds1=dy1 2 (OG)g so we can write

w = f dy1 ^ dy2 ^ : : : ^ dyn = (f ds1=dy1)ds1 ^ dy2 ^ : : : ^ dyn :

Therefore, we needto show that

jf jvds1;v ^ dy2;v ^ : : : ^ dyn;v = jf ds1=dy1jvdy1;v ^ : : : ^ dyn;v ;

or equivalently , that ds1;v = jds1=dy1jvdy1;v . This result is well-known if v is an
in�nite place. Assumethat v is a �nite place.

Since z1 and t1 are both local coordinates for K n at  (g) = 0, there exists
a converging power series(after scaling) t1 = z1 + a2z2

1 + a3z3
1 + � � � . Therefore,

dt1=dz1 = 1 + 2a2z1 + 3a3z2
1 + � � � . If z1 is closeto 0 (around  (g)), the valuation

v(2a2z1 + 3a3z2
1 + � � � ) will be large, sincev is nonarchimedean. Then,

v(1 + 2a2z1 + 3a3z2
1 + � � � ) = min(0; v(2a2z1 + 3a3z2

1 + � � � )) = 0;

which implies that jds1=dy1jv = j � (dt1=dz1)jv = 1 (the last equality follows from
the fact that  is an isomorphism). Then

ds1;v=dy1;v =  � (dt1)= � (dz1) (1.6.1)

=  � (dz1 + a2dz2
1 + � � � )= � (dz1) (1.6.2)

= 1 + 2a2dz1 + � � � = 1 (1.6.3)

= jds1=dy1jv (1.6.4)

around g. (The last equality is a reinterpretation of the fact that smooth is equivalent
to locally constant in the caseof nonarchimedean�elds.)

By Lemma 1.5.5 we can restrict jwjv to a Haar measureon the locally compact
topological group G(R).

1.7 Tamagawa Measures on G(AK )

Let G be an algebraicgroup of dimensionn de�ned over a �eld K . Let S be a �nite
set of primes such that S � M 1

K . Let GS be a separated, �nite-t ype model for G
over OK ;S and assumethat GS is a group scheme. We would like to explicitly de�ne
a Haar measureon the locally compact topological group G(AK ), that is compatible
with the Haar measures

R
jwjv on Gv(K v) and GS;v(Ov).

For every place v =2 S, if � v : GS � OK ;S Ov ! GS is projection then wv = � �
vw is

a left-invariant di�eren tial on GS;v ([Har77], Chapter 2, Proposition 8.10). Similarly
weget invariant di�eren tials wv on Gv for v 2 S. To each wv , Lemma1.6.2associates
a di�eren tial form jwjv on the topological spaceGS;v(OK ;S) (if v =2 S) and Gv(K v)
(if v 2 S).
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Example 1.7.1. 1. Let G = Ga be the additiv egroup de�ned over a �eld K . Then
Ga = SpecK [x] and an invariant di�eren tial on Ga is dx which becomesdxv

over all K v . Then, the normalized measure� v is
R

dxv .

2. Let G = Gm be the multiplicativ e group de�ned over a number �eld K . Then
Gm = SpecK ([x; y]=(xy � 1) = SpecK [x; x � 1]. One choice of (multiplicativ e)
invariant di�eren tial form is x � 1dx which gives dxv=jxjv over the completion
K v .

We would like to createa normalized Haar measureon each of Gv(K v), GS;v(Ov)
and G(AK ). However, the group G(AK ) is an in�nite product of groups Gv(K v)
and GS;v(Ov). Therefore, if the Haar measures

R
jwjv are not normalized, simply

taking the product of the measureson GS;v(Ov) to yield a Haar measureon G(AK )
might not be well de�ned.

De�nition 1.7.2. A set f (� v)vg of positive real numbers is called a set of conver-
gence factors for G if

Y

v =2 S

 Z

GS;v (Ov )
jwjv � � 1

v

!

;

convergesabsolutely.

Remark 1.7.3. The fact that an in�nite product
Q 1

i =1 xv to converge absolutely
meansthat an =

Q n
i =1 jxv j is a convergent sequencewhoselimit is not 0.

In order for this de�nition to make sense,we needto make sure that the notion
of set of convergencefactors is independent of the choicesof the set S, model GS

and invariant di�eren tial w. Invariance with respect to the choice of S follows from
the fact that S is a �nite set, and so the choice of S does not a�ect convergence.
Moreover, every invariant di�eren tial w on GS is de�ned up to a scalar � 2 K � .
But this changesthe product by (

Q
v2 S j� j � 1

v )j� jAK =
Q

v2 S j� j � 1
v since � 2 K � .

Therefore, the choice of w is irrelevant.
Let G0

S be another separatedand of �nite type model for G over OK ;S . Then,
there existsa K -isomorphism(GS)K

�= G �= (G0
S)K . On the level of equationsfor GS

and G0
S, the isomorphism is given by polynomials F = (f 1; : : : ; f r ) with coe�cien ts

in K . Since the models GS and G0
S are assumedto be of �nite type, there exist

�nitely many equations that de�ne them. The fact that F is an isomorphism on
the generic �b er G implies that F is an isomorphism from one set of equations to
the other, when the coe�cien ts are interpreted in K , rather than in OK ;S . But, if
M is the least commonmultiple of all the denominators of all the coe�cien ts of the
polynomials f i , then the f i have coe�cien ts in Ov as long as the �nite place v does
not divide M . Hence,for all but �nitely many v, F is an isomorphismon the special
�b ers F : (GS)v

�= (G0
S)v , which implies that the in�nite products

Y

v =2 S

 Z

GS;v (Ov )
jwjv � � 1

v

!

;
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and
Y

v =2 S

 Z

G0
S;v (Ov )

jwjv � � 1
v

!

;

di�er at �nitely many places. Therefore, the choice of model GS is irrelevant.
The local measures

R
jwjv � � 1

v induce a global measure

d~� G;w;(� v ) = lim� !

Y

v

Z
jwjv � � 1

v

on AK .

Remark 1.7.4. The de�nition of a set of convergencefactors leavesopen the question
whether there exists a canonical choice of such a set. We will seethat for abelian
varieties there exists a canonical choice.

Example 1.7.5. 1. Let G = Ga be the additiv e group. Then a set of convergence
factors is � v = 1 for all v, by de�nition of the normalized measure� v . More-
over, Ga(K ) embeds discretely in Ga(AK ) and Ga(AK )=Ga(K ) is compact
with �nite volume

� K =
Z

Ga (AK )=Ga (K )
d~� Ga ;dx; (1) =

p
jdK j;

where dK is the discriminant of the number �eld K ([Wei82], 2.1.3.a). In
particular, the global measured~� Ga ;dX ;(1) inducesa global metric on AK which
is compatible with the local onesjajAK =

Q
v jav jv for every a = (av) 2 A �

K .

2. Let G = Gm . By Example 1.7.1 we may choosewv = dxv=jxjv ; then
Z

O �
v

wv =
Z

O �
v

dX v =
Z

Ov

dX v �
Z

} v

dX v =
Z

Ov

(1 � 1=qv)dX v = 1 � q� 1
v :

Therefore we may choose� � 1
v = 1 � q� 1

v .

Remark 1.7.6. Let G1
m (AK ) = f a 2 AK jjaj = 1g be the maximal subgroup of

Gm (AK ) such that G1
m (AK )=Gm (K ) is compact. Let w = dx=x and � v = (1 �

q� 1
v ) � 1. Then Z

G1
m (AK )=Gm (K )

d~� Gm ;w;(� v ) =
2r 1 (2� )r 2 RK hKp

jdK jwK

if K is a number �eld ([Tat67]).

One of the downsides of the measure d~� is that it does not have functorial
properties. In order to make the global measure compatible with restriction of
scalars,we needto make the following adjustment:

De�nition 1.7.7. Let G be an algebraicgroup and let w be an invariant di�eren tial
on the model GS. The Tamagawa measureon G associated with w and the set of
convergencefactors � = f � vg is

d� G;w;(� v ) = � � dim G
K d~� G;w;� :
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1.7.1 Compatibilit y with Restriction of Scalars

Let L=K be a Galois extensionof number �elds and let (� i ) be an integral basisof L
over K . Let d = [L : K ], Gal(L=K ) = f � 1; : : : ; � dg and let � = det(� � j

i ). Consider
an algebraicgroup G of dimensionn over L and let H = RL=K G be the restriction of
scalarsgroup de�ned over K . Recall that H comeswith an L-morphism  : H ! G
that inducesa K isomorphism

	 = (� 1 ; : : : ; � d ) : H
�=� !

Y

i

G� i :

Consider an invariant di�eren tial wG of degreen on G and de�ne

wH = � � n
d̂

i =1

( � i ) � (w� i
G ):

The main problem with the de�nition of wH is that the factor � � n is needed,or
elsea reordering of f � 1; : : : ; � dg would changethe di�eren tial wH .

Lemma 1.7.8. The invariant di�er ential wH is de�ned over K .

Proof. By construction, it is de�ned over L . For every � 2 Gal(L=K ) we have

w�
H = det(� � j �

i ) � n
^

i

( � i � ) � (w� i �
G ):

Sinceeach di�eren tial ( � i � ) � (w� i � ) has degreen, the reordering f � � 1; : : : ; � � dg of
Gal(L=K ) changesthe sign of

V
i ( 

� i � ) � (w� i � ) by the sign of the permutation to the
power n, i.e., exactly the changein sign from � � n to (� � ) � n . Therefore, wH = w�

H
for all � 2 Gal(L=K ) so wH is de�ned over K .

Let S be a �nite set of places of K and let T be the set of places of L lying
above the places in S. Consider a separated and of �nite type model GT for G
over OL;T and let HS be a separated and of �nite type model for H over OK ;S .
The main di�erence betweenthe setting of this sectionand that of the previous one
is that, instead of starting with an invariant di�eren tial on GS, we start with an
invariant di�eren tial on G. By [Har77], Proposition 8.10, if p : GS � OK ;S K ! GS

is the projection, then 
 n
G=L

�= p� (
 n
GT =OL;T

). Since 
 n
G=L is a rank 1 OG-module,

we can scale the di�eren tial wG by a factor of � 2 L � , such that there exists an
invariant di�eren tial wT on GT with � wG = wT � OL;T K . Remark that the proof
of the fact that the notion of set of convergencefactors makes sense(Section 1.7)
is still valid, since the invariant di�eren tial wT is de�ned (from wG) up to a scalar
in K � . Similarly, there exists � 2 K � such that � wH comesfrom an invariant
di�eren tial on HS. Then, there exists 
 2 Q such that 
 =� 2 OL;T and 
 =� 2 OK ;S .
In this caseboth 
 wG and 
 wH come from invariant di�eren tials wT and wS on
their respective models.
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Lemma 1.7.9. With the notation above, for each v =2 S we have

Y

� jv

Z

GT ;� (O � )
jwT j � =

Z

H S;v (Ov )
jwS jv :

Proof. Note that K v 
 K L = � � jvL � , which implies that G(K v 
 K L) =
Q

� jv GS;� (L � ),
which is equal to H (K v) by the restriction of scalarsproperty. Therefore, to prove
the lemma, it is enoughto show that

^

� jv

jwT j � = jwS jv ;

asHaar measures(or invariant di�eren tials) on G(K v 
 K L) = H (K v). It is enough
to check this locally at a point g 2 H (K v), sinceHaar measuresare invariant.

Recall that GT;� (L � ) and HS;v(K v) are topological manifolds whosedi�eren tial
structure is transported from L n

� and K nd
v (n is the dimension of G and nd is

the dimension of H ) via the local homeomorphismsthat de�ne the two groups as
topological manifolds (Lemma 1.6.1).

Moreover, since both Haar measuresare on the same topological group, they
di�er by a constant; therefore, it is enoughto evaluate each invariant di�eren tial at
a basis of the exterior product of top degreeof the tangent space(i.e., of the Lie
algebra). The Lie algebra is the same for both di�eren tials, but the di�erence is
that for jwS jv we consider the Lie algebra as a K v-vector space,while for jwT j � we
consider the Lie algebra as an L � -vector space.

Let � � be a homeomorphismfrom a neighborhood of h to a neighborhood of the
origin in L n

� . If x1; : : : ; xn are local coordinates on L n , then a basis for the exterior
power of top degreeof the tangent spaceof G(L � ) is given by � �

� (@=@x1) ^ : : : ^
� �

� (@=@xn ). Therefore, by construction of jwT j � , its value at the basis � �
� (@=@x1) ^

: : : ^ � �
� (@=@xn ) is j
 f (g)j � , where wT = f h� (dx1 ^ : : : ^ dxn ) locally at g and h is a

closedimmersion of a small a�ne neighborhood of g into an a�ne space,and 
 is
the scaling factor.

Let ' be a homeomorphismfrom a neighborhood of g to a neighborhood of the
origin in K nd

v . The relationship between ' and � = � � � � is given by the following
commutativ e diagram:

G(K v 
 K L)
� � � � //� � L n

� = L 
 K n
v

H (K v)

	

OO

' //K nd
v

i

OO

where i is the isomorphism K nd
v

�= K n
v 
 K L = � � L n

� . Therefore,

jwT j � = j
 j � jf j �
^

�

( � ) � � � (dx1 ^ : : : ^ dxn );
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However, a basis for the exterior product of top degreeof the cotangent space
at g is given (by the commutativit y of the above diagram) by dx � j

i , while a basisfor
the exterior product of top degreefor the Lie algebra as a K v-vector spaceis notV

@=@x � j
i . If x i =

P
� j yij then such a K v-basis is

V
i;j @=@yij . Thus, the value of

jwS jv at
V

i;j @=@yij is

j
 djv j� j � n
v

�
�
�
�
�

Y

�

f (g) �

�
�
�
�
�
v

0

@
^

i;j

dX

l=1

� � j
l dyil

1

A

0

@
^

i;j

@
@yij

1

A = j
 djv j� j � n
v j

Y

�

f (g) � jv jD jnv ;

where D is the determinant

D =

�
�
�
�
�
�
�
�
�

� � 1
1 � � 2

1 : : : � � d
1

� � 1
2 � � 2

2 : : : � � d
2

...
� � 1

s � � 2
s : : : � � d

d

�
�
�
�
�
�
�
�
�

= � :

The reasonwhy D comesout of the product as jD jv is equation 1.6.4, sinceD is
pulled out of the original invariant di�eren tial. Since

Q
� jv jf (g)j � = jNL=K f (g)jv =

j
Q

� f (g) � jv and
Q

� j
 j � = jNL=K 
 jv = j
 djv , the invariant di�eren tials ^ � jwT j � and
jwS jv are the same.

Prop osition 1.7.10. Let G be an algebraic group de�ned over a Galois extension
of number �elds L=K and let  : H = RL=K G ! G be the L-morphism de�ning
the restriction of scalars group H . Let wG be an invariant di�er ential on G and let
wH = 	 � wG be its pullback under 	 : H !

Q
G� i (note that wH di�ers from the

one previously de�ned). Let 
 2 Q be as before.
Let � T = f � � g be a set of convergence factors for wT with � � = 1 for � 2 T,

and let � S = f � 0
vg such that � 0

v =
Q

� jv � v . Then � S is a set of convergence factors
for wS and

d� G;
 wG ;� T = d� H ;
 wH ;� S

as Haar measures on the topological groups G(AL ) = H (AK ).

Proof. Let � be as in Lemma 1.7.9. Since
Q

v j� jv = 1 by the product formula, the
fact that � S is a set of convergencefactors follows from Lemma 1.7.9 because

Y

� jv

Z

GT ;� (OL;T )
jwT j � = j� n jv

Z

H S;v (OK ;S )
jwH jv

To check that the two measuresare equal, it is enoughto evaluate globally. By
Lemma 1.7.9,the nonnormalizedTamagawa measuresdi�er globally by � n (we have
changedthe formula for wH by � n ). Therefore, the normalized Tamagawa measures
di�er by

(� L =(� K �)) n :
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But, using multiplicativit y of discriminants, � 2
L = DL = DK DL=K = � 2

K � 2 (where
DL=K = � 2 is the discriminant) and the result follows.



Chapter 2

Ab elian Varieties

2.1 Complete Algebraic Groups

Recall (De�nition 1.1.4) that an abelian variety is a complete algebraic group. The
main di�erences betweena�ne algebraic groups and abelian varieties rise from the
fact that the latter are projective and abelian.

Lemma 2.1.1 (Rigidit y). Let X ; Y; Z be varieties de�ned over a �eld K suchthat
X is complete and X � K Y is geometrically irr educible. Let f : X � K Y ! Z be
a regular map and let x 2 X (K ); y 2 Y(K ); z 2 Z (K ) such that f (X � f yg) =
f (f xg � Y ) = z. Then f (X � Y ) = z.

Proof. The main idea is that the image via a regular map of a complete and con-
nected variety in an a�ne variety is a point. For a complete proof see[Mum70]
I I.4.

We can use this to prove that every abelian variety is abelian as an algebraic
group.

Corollary 2.1.2. Let A be an abelian variety. Then m(x; y) = m(y; x) for every
x; y 2 A.

Proof. Consider the commutator map [x; y] = m(m(x; y); m(i (x); i (y))) : A � K A !
A. Then on A � e and e � A we have [x; y] = e. By Lemma 2.1.1 we get [x; y] = e
for all x; y 2 A. Therefore m(x; y) = m(y; x) and A is abelian as a group.

Remark 2.1.3. For every K -schemeS, Corollary 2.1.2shows that A(S) is an abelian
group. From now on we will write m(x; y) = x + y for every x; y 2 A(S) and
0 for the identit y section S ! A. For each integer n write [n] : A ! A to be
[n](x) = x + x + � � � + x where the sum has n terms, if n � 0 and [n](x) = � [� n](x)
if n < 0. The morphism [n] is an isogeny if n is not divisible by the characteristic
of K (see[Mum70] I I.6).

34
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Example 2.1.4. Let E be an abelian curve, i.e., a one-dimensionalabelian variety,
de�ned over a �eld K of characteristic 0. Let Div (E) be the group of Weil divisors
on E, i.e., the free abelian group generatedby the symbols (P) for P points of E .
For a rational function f : E ! K let divf =

P
P 2 E (ordP f )(P), where ordP f

represents the order of vanishing of f at P (positive if P is a zero of f and negative
if P is a pole of f ). For a divisor D =

P
nP (P) 2 Div (E) let degD =

P
nP and

let `(D ) be the dimensionas a K -vector spaceof f f j ordP f � � nP ; 8P 2 Eg[ f 0g.
(Note that degD is well-de�ned since

P
nP P is a �nite sum.)

Since there exists a non-vanishing invariant di�eren tial w on E (unique up to
scalarsin K � ), the canonical divisor divw is trivial. Therefore, the Riemann-Roch
theorem ([Sil92], Theorem II.5.4) states that

`(D ) � `(� D ) = degD � g + 1;

where g is the genus of the curve E. But then for D = 0 we get g = 1. Therefore
E is a smooth algebraic curve of genus 1. Such a curve is called an elliptic curve.
Elliptic curveshave a simple description, as follows from the following proposition.

Prop osition 2.1.5. Every elliptic curve E de�ned over a �eld K hasan embedding
 : E ,! P2

K of the form  = (x; y; 1) (such that  (O) = (0; 1; 0)), where x and y
are rational functions on E such that there exist a1; a2; a3; a4; a6 2 K with

y2 + a1xy + a3y = x3 + a2x2 + a4x + a6:

Proof. Since the genus of E is 1, the Riemann-Roch theorem states that for the
divisor Dn = n(O) we have `(Dn ) � `(� Dn ) = n. But `(� Dn ) = 0 by [Sil92]
Proposition I I.5.2.a so `(Dn ) = n. Therefore there exists a basis 1; x for L (D 2)
which can be extendedto a basis1; x; y of L (D 3) ([Sil92], Proposition I I.5.8). Then
the dimension of L (D6) is 6, but it contains the functions 1; x; x2; x3; y; xy and y2.
The proposition follows from the fact that thesemust be linearly dependent.

2.2 Ab elian Varieties over Num ber Fields

2.2.1 In vertible Sheaves on Ab elian Varieties

For a K -schemeS and for a schemeX 2 SchS let PicS(X ) be the group of isomor-
phism classesof invertible sheaveson X . Let m : X � S X ! X bemultiplication and
let � i : X � SX ! X is projection to the i -th factor. De�ne Pic0

S(X ) � PicS(X ) to be
the setof isomorphismclassesof invertible sheavesL such that m � L 
 � �

1L � 1
 � �
2L � 1

is trivial.

Theorem 2.2.1 (Theorem of the Cub e). Let A; B and C be complete varieties
de�ned over a �eld K and let a 2 A(K ); b 2 B (K ); c 2 C(K ) be points. Let
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L 2 PicK (A � K B � K C). Then L is trivial if and only if Lj A� K B � K f cg; Lj A� K f bg� K C
and Lj f ag� K B � K C are trivial.

Proof. See[Mum70] Theorem II I.1.

We can specialize Theorem 2.2.1 to the casewhen A = B = C is an abelian
variety de�ned over a number �eld K .

Corollary 2.2.2. Let A be an abelian variety and let � i : A � K A � K A ! A be the
projection to the i -th factor. Write � ij = � i + � j and � 123 = � 1 + � 2 + � 3. Then

� �
123L 
 � �

12L � 1 
 � �
23L � 1 
 � �

13L � 1 
 � �
1L 
 � �

2L 
 � �
3L

is trivial.

Proof. Note that � �
123Lj A� K A� K f 0g = � �

12Lj A� K A� K f 0g, � �
13Lj A� K A� K f 0g = � �

1Lj A� K A� K f 0g
and � �

23Lj A� K A� K f 0g = � �
2Lj A� K A� K f 0g while � �

3Lj A� K A� K f 0g is trivial. Therefore

� �
123L 
 � �

12L � 1 
 � �
23L � 1 
 � �

13L � 1 
 � �
1L 
 � �

2L 
 � �
3Lj A� K A� K f 0g

is trivial and similarly for A � K f 0g � K A and f 0g � K A � K A. The result follows
from Theorem 2.2.1.

Let A be an abelian variety de�ned over a �eld K and let S be a scheme over
K . For every x 2 A(S) = HomSch (S; A) we get a map tx = m(idA � x) : A � K S !
A � K S.

Corollary 2.2.3. Let a;b 2 A(K ) which induce ta; tb morphisms on A � K K = A.
If L 2 PicK (A) then t �

a+ bL 
 L = t �
aL 
 t �

bL .

Proof. Consider the map f : A ! A � A � A given by f (x) = (x; a;b) wherea and b
represent their respective constant imagesof SpecK (a�ne) into A (complete). By
Corollary 2.2.2we have f � (� �

123L 
 � �
12L � 1 
 � �

23L � 1 
 � �
13L � 1 
 � �

1L 
 � �
2L 
 � �

3L) =
t �
a+ bL 
 t �

aL � 1 
 OA 
 t �
bL � 1 
 L 
 OA 
 OA = t �

a+ bL 
 t �
aL � 1 
 t �

bL � 1 
 L is trivial.

In Proposition 2.1.5 we saw that elliptic curvesare projective. The sameis true
for abelian varieties aswill follow from the existenceof an ample invertible sheafon
A (which implies the existenceof a very ample invertible sheaf).

Prop osition 2.2.4. Let A be an abelian variety de�ned over a �eld K . Then there
exists an ample invertible sheaf L 2 PicK (A). (Therefore, A is projective.)

Proof. See[Mil86a], Theorem 7.1.

Example 2.2.5. Let E be an elliptic curve de�ned over K . By [HS00] Corollary
A.4.2.4 the sheaf L (D) for D = (O) 2 Div (E) (where O is the identit y on E) is
ample sincedegD = 1 > 0.
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Let K be a �eld of characteristic 0, let S be a K -schemeand let A be an abelian
variety de�ned over K . The existenceof an ample invertible sheafL S on A � K S
allows the construction of an isogeny betweenA � K S and Pic0

S(A � K S).

Prop osition 2.2.6. The map ' L S : A(S) ! PicS(A � K S) given by ' L (x) =
t �
xL � 1 
 L is a homomorphism whoseimage lies in Pic0

S(A � K S). If S = SpecK
and L = L S then ' L is surjective and has �nite kernel.

Proof. By Corollary 2.2.3 for every x; y 2 A(S) we have ' L S (x)' L S (y) = t �
xL S 


L � 1
S 
 t �

yL S � L � 1
S

�= t �
x+ yL S 
 L � 1

S = ' L S (x + y) so ' L S is a homomorphism. When
S = SpecK note that L is ample, so the fact that ' L is surjective and with �nite
kernel follows from [Mum70] Theorem II.8.1.

Remark 2.2.7. It is essential that L be ample. A simple counterexample is provided
by Corollary 2.2.3. Let L 0 be any invertible sheafand let 0 6= x 2 A(S). Let L =
t �
xL 0
 L 0� 1. Then for every y 2 A(S) wehavet �

yL 
 L � 1 = t �
y t �

xL 0
 t �
yL 0� 1
 t �

xL 0� 1
 L 0

which is trivial by Corollary 2.2.3. Therefore the imageof ' L is constant, hencenot
surjective. In fact, L 2 Pic0

K (A) if and only if ' L is trivial ([Mum70], I I.8).

Example 2.2.8. Let E bean elliptic curve. In Example 2.2.5we saw that L = L ((O))
is an ample invertible sheaf on E. Therefore ' L : E (K ) ! Pic0

K (E ) given by
' L (x) = t �

xL((O)) 
 L ((O)) � 1 �= L ((x)) 
 L ((O)) � 1 �= L ((x) � (O)) is a surjection
with �nite kernel. If x 2 ker ' L then (x) � (O) = 0 in Pic0(E ), where Pic0(E )
is now identi�ed with classesof Div 0(E ) modulo elements of the form divf for
rational functions f on E. Therefore divf = (x) � (O) for somerational function f .
Since`((O)) = 1 by the Riemann-Roch theorem and sinceL ((O)) contains constant
functions (since they are holomorphic at in�nit y), it must be that f 2 L ((O)) is a
constant function or `((O)) > 1. Therefore (x) � (O) = divf = 0 so (x) = (O) and
' L is bijective. Therefore, we get an isomorphism E �= Pic0(E ).

For every abelian variety A de�ned over a �eld K of characteristic 0 we have
constructed a surjection with �nite kernel between A(S) and Pic0

S(A � K S). This
map transports the structure of abelian variety to Pic0

K (A).

Theorem 2.2.9. The functor S 7! Pic0
S(A� K S) for eachS 2 SchK is representable

by an abelian variety A_ de�ned over K .

Proof. See[Mum70] I I.8. This proof usesthe fact that K has characteristic 0.

SincePic0
K (A � K K ) = A_ (K ) we can rephraseProposition 2.2.6 to state that

for every ample invertible sheaf L there is an isogeny ' L from A to A_ . Such an
isogeny is called a polarization. The variety A_ is called the dual abelian variety.
There exists a (unique) invertible sheafP (the Poincar�e sheaf) on A � A_ such that
PjA�f ag is the imageof a under the isomorphismPic0

K (A � K K ) = A_ (K ) and such
that Pf ag� A _ is trivial ([Mum70], I I.8).
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2.2.2 Heigh ts on Pro jectiv e Spaces

Let K =Q be a number �eld. Recall that M K and M 1
K represent the set of places

and the set of in�nite placesof K , respectively. As before, let K v ; Ov ; } v ; kv and qv

be the completion of K at the �nite placev, the ring of integersof K v , the maximal
ideal of Ov , the residue �eld at v and the sizeof the residue �eld, respectively. Let
jxjv = q� v(x)

v be the normalized absolute value. For an abelian variety A de�ned
over K the set A(K ) is a group. To understand its group structure it is useful to
have an ordering of the points in A(K ) using a notion of 'height'. To achieve this
we will use the fact that A is projective to use the notion of height on projective
spaces.

Lemma 2.2.10. De�ne HK ;n : PnK ! [0; 1 ) de�ned by

HK ;n ([x0 : : : : : xn ]) =

0

@
Y

v2 M K

max
i

(jx i jv)

1

A

1=[K :Q]

Then there exists H n : PnK ! [0; 1 ) such that for each number �eld K we have
Hn jK = HK ;n .

Proof. Since [x0 : : : : : xn ] 2 Pn (K ) is de�ned up to multiplication by � 2 K , the
function HK ;n is well-de�ned up to multiplication by

Q
v j� jv = 1, so the height is

well-de�ned. If L=K is a �nite extension, then for each place v 2 M K and x 2 K
we have jNL=K xjv =

Q
wjv jxjw . Therefore if [x0 : : : : : xn ] 2 Pn (K ) � Pn (L ) then

HL;n ([x0 : : : : : xn ]) =

0

@
Y

w2 M L

max
i

(jx i jw)

1

A

1=[L :Q]

�

0

@
Y

v2 M K

max
i

0

@
Y

wjv

jx i jw

1

A

1

A

1=[L :Q]

=

0

@
Y

v2 M K

max
i

(jNL=K x i jv)

1

A

1=[L :Q]

=

0

@
Y

v2 M K

max
i

(jx i j[L :K ]
v )

1

A

1=[L :Q]

= HK ;n ([x0 : : : : : xn ])

Therefore Hn = lim� ! K
HK ;n satis�es the desiredproperties.

For each x = [x0 : : : : : xn ] 2 K =Q let hn (x) = logHn (x), which makes sense
becauseHn (x) > 0 sincenot all entries of x = [x0 : : : : : xn ] are 0.

Example 2.2.11. Consider x = [1=3; 2 +
p

3] 2 P1Q. Since 2 +
p

3 is integral and
(2+

p
3)(2 �

p
3) = 1, it must be a unit. At each placev - 3 the valuation v(1=3) = 0,

while if v j 3 is a place of Q(
p

3) then v(1=3) = � 1. But Q(
p

3) is totally rami�ed
over Q at 3 so j1=3jv = 9. Therefore H1(x) = 91=2 = 3.

Remark 2.2.12. If � 2 Gal(Q=Q) then hn (� (x)) = hn (x).



CHAPTER 2. ABELIAN VARIETIES 39

Lemma 2.2.13. If u; v > 0 then the set f x 2 PnQjhn (x) � u; [Q(x) : Q] � vg is
�nite.

Proof. See[HS00]Theorem B.2.3.

Lemma 2.2.14 (Kronec ker). Let K =Q be a number �eld. Then hn (x) = 0 for
x = [x0 : : : : : xn ] 2 K if and only if x i =xj is a root of unity when x j 6= 0.

Proof. Note that hn ([xm
0 : : : : : xm

n ]) = mhn ([x0 : : : : : xn ]) = 0. Since xm
0 ; : : : ; xm

n
lie in the �nite extension K (x0; : : : ; xn ), the previous lemma implies that the set
f [xm

0 : : : : : xm
n ]jm � 1g is �nite. Let r 6= s be two exponents such that [x r

0 : : : : :
xr

n ] = [xs
0 : : : : : xs

n ]. If x j 6= 0 then (x i =xj )r � s = 1 so they are roots of unit y. The
converseis obvious.

In order to transport the notion of height from the projective spaceto an abelian
variety we need to prove certain functorial properties of H n . In particular, it is
functorial with taking products and morphisms (up to bounded functions).

Lemma 2.2.15. Let � m;n : Pn � Pm ! Pmn + m+ n be the Segre embedding (taking
([x i ]; [yj ]) to [x i yj ]). Then hmn + m+ n (� m;n (x; y)) = hm (x) + hn (y).

Proof. See[HS00]Theorem B.2.4.

Prop osition 2.2.16. Let  : Pn ! Pm be a regular map of degree d. Then
hm ( (x)) = dhn (x) + O(1), where O(1) representsa bounded function.

Proof. See[HS00]Theorem B.2.5.

2.2.3 Heigh ts on Ab elian Varieties

Let A be an abelian (pro jective) variety de�ned over a number �eld K .

De�nition 2.2.17. For each embedding  : A ! Pm de�ne h : A(K ) ! [0; 1 ) by
h (P) = h( (P)).

Prop osition 2.2.18. Let � : A ! Pm and  : A ! Pn such that � � OPm (1) and
 � OPn (1) (where OPn (1) is the canonical sheaf of Pn ) are equal in Pic(A). Then
h� (P) = h (P) + O(1) for all P 2 A(K ).

Proof. See[HS00],Theorem B.3.1.

This proposition suggeststhat the height function on A is well de�ned up to
a bounded error term. Consider H A = Hom(A(K ); R)=Hombounded(A(K ); R) to
eliminate this ambiguit y.
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Theorem 2.2.19 (Heigh t machine). There exists a unique homomorphismhA :
Pic(A) ! H A such that for every very ample L on A we have hA (L ) = h � � in
H A , where � : A ! Pm is an embedding such that L �= � � OPm (1). Moreover, hA is
functorial in A in the sensethat if  : A ! B is a morphism of abelian varieties
over K and L 2 Pic(B ) then hA ( � L) = hB (L ) �  in H A .

Proof. Every L 2 Pic(A) can be written as L = L 1 
 L � 1
2 for very ample invertible

sheavesL 1; L 2 on A ([HS00],TheoremA.3.2.3). De�ne hA (L ) = hA (L 1) � hA (L 2) for
a choiceof L 1 and L 2. For any other choiceL = L 0

1 
 L 0� 1
2 we have L 1 
 L 0

2 = L 0
1 
 L 2

on A. Let � i : A ! Pm i and � 0
i : A ! Pn i be projective embeddingssuch that L i =

� �
i OPm i (1) and L 0

i = � 0�
i OPn i (1) for i = 1; 2. Then L 1 
 L 0

2 = (� 1 � � 0
2) � OPm 1 � Pn 2 and

L 0
1
 L 2 = (� 0

1� � 2) � OPn 1 � Pm 2 . Let N > max(m1n2+ m1+ n2; n1m2+ n1+ m2) and let
� : Pm1 � Pn2 ! PN and � 0 : Pn1 � Pm2 ! PN be the Segreembeddingsfollowed by
inclusions. By Lemmas2.2.15and 2.2.16we get that h� � � � 1 � � 0

2 = h� � 1+ h� � 0
2 =

h � � 0
1 + h � � 2 = h � � � � 0

1 � � 2 in H A and so hA (L 1) � hA (L 2) = hA (L 0
1) � hA (L 0

2)
which meansthat hA is a well-de�ned homomorphism.

For the functorialit y property see[HS00],Theorem B.3.2.

The height machine of an abelian variety is well de�ned in H A , i.e., up to a
bounded function. A clever tric k to remove this dependenceon bounded errors is
due to Tate. To do this we will have to analyze the properties of the sheavesL . A
sheafL is called symmetric if [� 1]� L = L and antisymmetric if [� 1]� L = L � 1. Let
L be an ample invertible sheafon A.

Let f : A � K A � K A ! A de�ned by f = ([n]; [1]; [� 1]) for an integer n. By
Corollary 2.2.2 we have that f � (� �

123L 
 � �
12L � 1 
 � �

23L � 1 
 � �
13L � 1 
 � �

1L 
 � �
2L 


� �
3L) = [n + 1]� L 
 [n � 1]� L 
 [n]� L 
 2 
 L � 1 
 [� 1]� L � 1 is trivial. Therefore,

by induction we get that [n]� L = L 
 n2
if L is symmetric and [n]� L = L 
 n if

L is antisymmetric. By Theorem 2.2.19 we get that hA (L ) � [n] = hA ([n]� L) =
hA (L 
 n2

) = n2hA (L ) in H A if L is symmetric and hA (L ) � [n] = nhA (L ) if L is
antisymmetric. Every invertible sheafL can be written as L 
 L = (L 
 [� 1]� L) 

(L 
 [� 1]� L � 1) where L 
 [� 1]� L is symmetric and L 
 [� 1]� L � 1 is antisymmetric
as follows. Therefore, the previous analysis of hA (L ) � [n] can be extended to all
invertible sheavesL .

De�nition 2.2.20. The N�eron-Tate height is

ĥA (L )(P) = lim
n!1

hA (L )([2n ]P)
4n ;

if L is symmetric and

ĥA (L )(P) = lim
n!1

hA (L )([2n ]P)
2n ;

if L is antisymmetric.
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Theorem 2.2.21. The map ĥA (L ) : A(K ) ! R has the property that ĥA (L )(P) =
hA (L )(P) as functions in H A . If L is symmetric then ĥA (L ) is a quadratic function
with associated bilinear form hP; Qi L = (ĥA (L )(P + Q) � ĥA (L )(P) � ĥA (L )(Q))=2
and if L is antisymmetric then ĥA (L ) is linear.

Proof. See[HS00],Theorem B.4.1.

Prop osition 2.2.22. Let L be an ample symmetric invertible sheaf on A. Then
ĥA (L )(P) � 0 with equality if and only if P is torsion.

Proof. The proof of this proposition is similar to the proof of Lemma 2.2.14. See
[HS00],Proposition B.5.3.

In particular, the Poincar�esheafP on A� K A_ is symmetric since[� 1]� P satis�es
the sameproperties as P and so must equal P by uniqueness. Therefore we may
de�ne a pairing h; i : A(K ) � A_ (K ) ! R by ha;bi = ha;Bi P where B is the image
of b under the isomorphism A_ (K ) �= Pic0

K (A). By Proposition 2.2.22the kernel of
the pairing is the torsion subgroup on each side so we get a nondegeneratepairing

h; i : A(K )=A(K ) tors � A_ (K )=A_ (K )tors ! R:

For every isogeny  : A ! B , there exists a unique dual isogeny  _ : B _ ! A_ ,
such that  �  _ and  _ �  are multiplication by an integer morphisms (see[Sil92]
I I I.6).

Lemma 2.2.23. Let  : A ! B be an isogeny of abelian varieties de�ned over a
number �eld K , and let  _ : B _ ! A_ be the dual isogeny. If h; i A and h; i B are the
N�eron-Tate pairings for A and B then, for each a 2 A(K ) and b 2 B _ (K ), we have

ha;  _ (b)i A = h (a); bi B :

Proof. See[Mil86b] I.7.3.

2.2.4 Rational Poin ts on Ab elian Varieties

For an abelian variety A de�ned over a number �eld K the group structure of A(K )
is determined by the Mordell-Weil theorem.

Theorem 2.2.24 (Mordell-W eil). If A is an abelian variety de�ned over a number
�eld K then the group A(K ) of rational points on A is �nitely generated.

Proof. See[HS00],Theorem C.0.1. We will not prove the theorem here,but mention
that it usesthe Dirichlet Unit Theorem, which meansthat it will apply in general
only to global �elds (i.e., number �elds and function �elds).
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A corollary of this theorem is that A(K ) �= A(K )tors � Za1 � � � � � Zar asabelian
groupswherer is the rank of A and a1; : : : ; ar 2 A(K ). An isogeny A ! A_ induces
a map A(K ) ! A_ (K ), which is an isomorphism on A(K ) 
 Q ! A_ (K ) 
 Q since
the kernel of the isogeny is a subgroup of A(K ) tors . Therefore the rank of A_ is r
and A_ (K ) �= A_ (K )tors � Zb1 � � � � � Zbr for b1; : : : ; br 2 A_ (K ).

De�nition 2.2.25. The regulator RA of the abelian variety A is

RA = jdet(hai ; bj i ) i;j =1 ;:::;r j :

This de�nition makessensesincethe ai and bj are de�ned up to torsion and the
pairing h; i vanisheson torsion. Moreover, any permutation of the generatorsai and
bj changesthe value of the determinant by � 1 which does not in
uence the value
of RA .

De�nition 2.2.26. Let ` be a prime number. The Tate module of A at ` is T`A =
lim � A[`m ] = Hom(Q` =Z` ; A). Write V` A = T`A 
 Q.

Remark 2.2.27. The Tate module T` A and V` A havenatural structures of Gal(K =K )-
modules given by the Galois action on A[`m ] for each m. To the abelian variety A
we can associate the Gal(K =K )-module A(K ), but this is a group whosestructure
is unknown. The advantage of constructing the Tate module V` A is that it is a
Q` -vector spaceof dimension 2d, where d = dim A ([Mum70] I I.6) and so it is a
representatation of Gal(K =K ).

The Tate module has certain functorial properties, illustrated by the following
lemma.

Lemma 2.2.28. If the sequence of algebraic groups over K

1 ! M ! N ! P ! 1;

is exact and multiplication by ` is an bijection in M , then there exists an exact
sequence of Gal(K =K )-modules

1 ! T`M ! T` N ! T` P ! 1:

Moreover, if M is a unipotent group then T` N �= T`P.

Proof. There is an exact sequence1 ! M (K ) ! N (K ) ! P(K ) ! 1 and T` X =
lim � Hom(Z=`nZ; X (K )) for a schemeX 2 SchK . Thereforeweget an exact sequence
of Gal(K =K )-modules

1 ! T`M ! T` N ! T` P ! lim � Ext Z(Z=`nZ; M (K )) :

But Ext Z(Z=`nZ; M (K )) �= M =`nM so if multiplication by ` is a bijection in M
then Ext Z(Z=`nZ; M (K )) = 0 and we get the exact sequence1 ! T`M ! T` N !
T` P ! 1. (For a discussionof Ext , seeSection 4.1.)
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If M is a unipotent group then there exists a K composition seriesM = M 0 �
M 1 � � � � � M n � 0 such that M i =M i +1

�= Ga. Therefore, multiplication by ` is
injective, so the torsion M [`n ] is trivial so T`M = 0 and T`N �= T`P.

Remark 2.2.29. Let L=K be an extension of number �elds and let A be an abelian

variety over L . Then T`RL=K A �= IndGal( K =K )
Gal( L =L)

V` A as Gal(K =K )-modules sincethe

Tate module takes into account K points and RL=K A(K ) �=
Q

A � i (K ).

It is essential for the proof of the fact that Conjecture 3.2.2 is invariant under
isogenies,to be able to relate the Tate modules of A and A_ . The solution is the
Weil pairing .

Prop osition 2.2.30. There existsa functorial, nondegenerate, Gal(K =K )-equivariant
bilinear pairing called the Weil pairing

è : V` A � V` A_ ! Q` (1) = lim � � `m ;

with respect to which there exists an identi�c ation

A_ [� _ ] �= (A[� ]) � = Hom(A[� ]; � 1 );

for every isogeny � : A ! B .

Proof. See[Mil86a] Lemma 16.2.

2.2.5 The Shafarevic h-T ate and Selmer Groups

Computation of the Mordell-Weil group A(K ) for a global �eld K is di�cult because
the proof of the weak Mordell-Weil theorem is not constructive. One method of
analyzing rational points is via the local-to-global principle, i.e., analyzing the points
of A(K v) for each completion K v of K to obtain information about A(K ).

For every isogeny � : A ! A the Gal(K =K )-cohomology long exact sequence

associated with 0 ! A[� ] ! A
�
! A ! 0 (where A[� ] = ker � ) gives

0 ! A(K )[� ] ! A(K )
�
! A(K ) ! H 1(K ; A[� ]) ! H 1(K ; A)

�
! H 1(K ; A);

which gives

0 ! A(K )=�A (K ) ! H 1(Gal(K =K ); A[� ]) ! H 1(Gal(K =K ); A)[� ] ! 0: (2.2.1)

Similar exact sequencesfor each localization K v of K givesa commutativ e diagram

H 1(K ; A[� ]) //

res
��

s�

))SSSSSSSSSSSSSS H 1(K ; A)[� ]

res�

��Q
v H 1(K v; A[� ]) //Q

v H 1(K v ; A)[� ]
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where res= � resv is restriction from Gal(K =K ) to
Q

v Gal(K v=Kv).
De�ne the Selmergroup of � to be Sel� (A=K ) = kers� . De�ne the Shafarevich-

Tategroup to beX (A=K ) = ker
�

H 1(K ; A) res� !
Q

v H 1(K v ; A)
�

. Then X (A=K )[� ] =
kerres� and the snake lemma givesan exact sequence

0 ! A(K )=�A (K ) ! Sel� (A=K ) ! X (A=K )[� ] ! 0:

This exact sequenceis useful is computing the Mordell-Weil group A(K ) when K
is a number �eld. Namely, if oneknows X (A=K )[� ] and onecan compute elements
of Sel� (A=K ) then this exact sequenceyields generatorsfor A(K )=�A (K ). However,
little is known about the Shafarevich-Tate group X (A=K ).

Lemma 2.2.31. The image of the restriction map

H 1(K ; A) !
Y

v

H 1(K v ; A)

is contained in
L

v H 1(K v ; A).

Proof. Let f be a cocycle in H 1(K ; A). By construction of Gal(K =K )-cohomology
(i.e., since f is locally constant), there exists a �nite extension L=K such that

ResGal(L=L )
Gal(K =K )

f is trivial in H 1(L; A). Sincethe following diagram commutes

H 1(L; A) //
Q

wjv H 1(L w ; A)

H 1(K ; A)

ResL
K

OO

//Q
v H 1(K v; A)

Q
v res

OO

for each wjv the image f w of f in H 1(L w ; A) is trivial. However, for all but �nitely
many v the variety A has good reduction at v (seeDe�nition 2.3.8) and v is un-
rami�ed in L . Therefore by [LT58] Corollary 1 to Theorem 1, the order of f v in
the torsion group H 1(K v; A) divides eL w =K v = 1 (since w j v is unrami�ed) which
meansthat f v is trivial. Therefore, f v is trivial for almost all placesv which implies
that the image is in the direct sum.

Remark 2.2.32. Since AK 
 K has a natural Gal(K =K ) action, we can de�ne
the Galois cohomology of A(AK 
 K ). Then X (A=K ) = ker(H 1(K ; A(K )) !
H 1(K ; A(AK 
 K K )). (See[PR94] Proposition 6.6.)

The Shafarevich-Tate group X (A=K ) is functorial in A. Let K be a number

�eld and let A
 
! B be an isogeny of abelian varieties de�ned over K . Then there
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is a commutativ e diagram

X (A=K )
 x //

��

X (B =K )

��
H 1(K ; A)

resA

��

 //H 1(K ; B )

resB

��
� vH 1(K v; A)

 //� vH 1(K v ; B )

in which the map  x is well de�ned sincethe kernel of resA is mapped to the kernel
of resB .

Remark 2.2.33. The Shafarevich-Tate group is de�ned in terms of cohomology, seam-
ingly with no relation to geometry. However, we have already seena connection
between geometry and cohomology in Section 1.3. For each a 2 A(K ) we have
de�ned a translation automorphism ta of A, soA(K ) � Aut K (A) which meansthat
H 1(K ; A(K )) is a subset of H 1(K ; Aut K (A)), a group that parametrizes the iso-
morphism classesof K twisits of A. Our description of A(K ) shows that elements
of H 1(K ; A) correspond to K twisits of A with a simply transitiv e A-action. Such a
twist is called a principal homogeneous space for A. A principal homogeneousspace
corresponds to a trivial cohomologyclassin H 1(K ; Aut K (A)) if it has a K -rational
point. As such, elements of X (A=K ) correspond to locally trivial principal homo-
geneousspaces(i.e., a principal homogeneousspacewith a rational point over each
completion K v).

2.2.6 The Cassels-Tate Pairing for X

In order to relate the Shafarevich-Tate groups of A and A_ it is useful to construct
a bilinear pairing X (A=K ) � X (A_ =K ) ! Q=Z. The most intuitiv e way to con-
struct the pairing is to notice that, if X is a principal homogeneousspacefor A,
then A_ (K ) �= Pic0

K
(A � K K ) �= Pic0

K
(X � K K ) and use Remark 2.2.33 where

we constructed a locally trivial principal homogeneousspaceX f for each cocycle
f 2 X (A=K ). This will allow us to relate points in A_ (K ) to rational functions on
X f via the exact sequence

0 ! K (X f ) � =K
�

! Div 0(X f � K ) ! Pic0(X f � K ) ! 0 (2.2.2)

where K (X f ) is the �eld of rational functions on X f . (For three other descriptions
of the pairing see[PS99].)

Since K (X f ) is a Gal(K =K )-module with the action � h(x) = � h(� � 1x) on
h 2 K (X f ), we can write the Gal(K =K ) and Gal(K v=Kv)-cohomology long exact
sequencesof the exact sequence(K = K (X f ) � =K

�
)

0 ! K
�

! K (X f ) � ! K ! 0:
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SinceH 3(K ; K
�

) = 0 and H 3(K v; K
�
v ) = 0 for all placesv (by Hilb ert's Theorem

90 and [AW67] Theorem 5) we have

H 2(K ; K
�

) //

res��

H 2(K ; K (X f ) � )
j //

res
��

H 2(K ; K) //

res
��

0

Q
v H 2(K v ; K

�
v )

i//Q
v H 2(K v; K v(X f ) � ) //Q

v H 2(K v ; K) //0

In order to remove the relevanceof choicesin the construction of the pairing we
need to show that i is injective. Since X f is locally trivial, for each place v there
exists a point in X f (K v), i.e., a section SpecK v ! X f . By [Mil86a] Remark 6.11
this implies that i is injective on each component H 2(K v; K

�
v ) ! H 2(K v ; K v(X f ) � )

and so i is injective.
SinceX f is a principal homogeneousspace,there exists a noncanonical isomor-

phism X f � K � A � K which inducesa K -isomorphism Pic0(X f � K ) � A_ (K ).
For generaltwists the isomorphismX f � K K � A � K K is de�ned up to an automor-
phism of A, but for principal homogeneousspacesit is de�ned up to an automor-
phism ta for a 2 A(K ). But ta acts trivially on A_ (K ) sincet �

a� L = � L for a choice
of ample invertible sheaf L , by the Corollary 2.2.3. Therefore, the isomorphism
Pic0(X f � K ) � A_ (K ) is independent of choices. Moreover, this is an isomorphism
of Gal(K =K )-modules sincefor � 2 Gal(K =K ) we have � ' L = ' L � .

Following Cassels'soriginal idea,wewill usethe canonicalisomorphismof Gal(K =K )-
modules Pic0(X f � K ) �= A_ (K ) and the exact sequence2.2.2 to de�ne the pairing.
The Gal(K =K )-cohomologylong exact sequenceassociated with sequence2.2.2gives
a boundary map @

H 1(K ; A_ (K )) �= H 1(K ; Pic0(X f � K )) @! H 2(K ; K)

The rest of the construction of the pairing amounts to abstract nonsense. Let
g 2 X (A_ =K ) � H 1(K ; A_ (K )) and let g0 = @g. The map j is surjective so there
exists h0 2 H 2(K ; K (X f ) � ) such that j (h0) = g0. Let

Q
v hv be the image of h0 inQ

v H 2(K v ; K v(X f ) � ) under the restriction maps.

h0
j //

res
��

g0 //0

0 //Q
v hv

i //Q
v h0

v

h0
v (pv )

hh

For each � ; � 2 Gal(K v=Kv), we have h0
v(� ; � ) 2 K (X f ) � . In order to de�ne the

cohomology classeshv we choosepoints pv 2 X f (K v) that are not zerosor poles
of h0

v(� ; � ) for any � ; � 2 Gal(K v=Kv) and then evaluate h0
v at pv. De�ne a map
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hv : Gal(K v=Kv) � Gal(K v=Kv) ! K
�
v by taking (� ; � ) to h0

v(� ; � )(pv) 2 K �
v . Since

h0
v is a cocycle and hv is obtained by evaluation, hv is alsoa cocycle in H 2(K v ; K

�
v ).

By the injectivit y of i the choice of the points pv is irrelevant. De�ne the pairing

hf ; gi =
X

v

invv(hv) 2 Q=Z;

where invv are the invariant maps of local class�eld theory. This is a �nite sum by
[Mil86b], Lemma 4.8.

Prop osition 2.2.34 (Cassels-T ate). The pairing h; i : X (A=K ) � X (A_ =K ) !
Q=Z is functorial in A and the kernel on each side is the maximal divisible subgroup
of X (A=K ) or X (A_ =K ).

Proof. See[Mil86b] Theorem 6.13.

2.3 Reduction of Ab elian Varieties

2.3.1 Motiv ation

Let A be an abelian variety over a global �eld K . We would like to study the
arithmetic properties of A by analyzing the behavior of A at each �nite place v of
K . If the abelian variety has a set of de�ning equations de�ned over K , one can
think of the reduction Av as the variety de�ned by the sameequations but whose
coe�cien ts are taken in kv , provided that this makessense(i.e., the v valuations of
all coe�cien ts of the equationshave to be nonnegative, or we would get division by
0 in kv).

Example 2.3.1. Consider E=Q to be the elliptic curve with Weierstrassequation

y2 + xy + y = x3 � x2 � 8x + 11:

Then the discriminant of E is � 26335 so Ep is an elliptic curve for p =2 f 2; 3; 5g. If
p = 3 then Ep is a cuspidal curve while if p 2 f 2; 5g then Ep is nodal.

The equations de�ning the Ep over Fp together with the curve E over Q de�ne
a schemeE 0 over SpecZ, the closureof Proj Z[x; y; z]=(y2z + xyz + yz2 � x3 + x2z +
8xz2 � 11z3). By the valuative criterion of properness([Har77], Theorem 4.7) we
have E 0(Z) = E(Q). However, E 0 is not a group schemesinceit is not smooth over
Z (at the primes 2,3,5). Let E0 be the largest smooth subschemeof E 0 de�ned over
SpecZ. Then Ep = E0 � SpecZ SpecFp. However, E0 no longer has the property that
E0(Z) = E(Q).
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2.3.2 N �eron Mo dels

To resolve this issue(that E0(Z) 6= E(Q)) we want for each abelian variety A de�ned
over a number �eld (more generally for the fration �eld of a Dedekind domain) to
construct a smooth (group) schemeA de�ned over OK such that A (OK ) = A(K ).

Theorem 2.3.2. Let A be an abelian variety de�ned over a number �eld K . Then
there existsa smooth model A of A which is separated and of �nite type over SpecOK

(called the N�eron model) such that for every smooth schemeT over SpecOK the
natural map

Hom(T; A) ! Hom(T � OK K ; A);

is an isomorphism.

This is the surprising property of N�eron models(called the N�eron mapping prop-
erty), since surjectivit y implies that any morphism de�ned on the generic �b er A
of A can be uniquely extended to a morphism on A. However, one downside of the
N�eron model is that it is almost never proper (unlik e E 0 which was proper but not
smooth over Z). The following proposition shows that the N�eron model is unique.

Prop osition 2.3.3. Let A be an abelian variety de�ned over a number �eld K .
Then the N�eron model of A over SpecOK is unique up to isomorphism.

Proof. Let A 1 and A 2 be two N�eron models of A over SpecOK . The for f i; j g =
f 1; 2g we have

Hom(A i ; A j ) = Hom(A i � S K ; A) = Hom(A; A):

Let  ij be the morphism from A i ! A j that corresponds via the above isomor-
phism to the identit y on A. Then  i =  j i �  ij is a morphism from A i ! A i that
corresponds on the generic �b er to the identit y on A. However, the identit y on A i

also has this property. Since

Hom(A i ; A i ) = Hom(A; A);

the morphism on A i corresponding to the identit y on A is unique so  i = 1 and
similarly  j = 1 which provesthat A 1

�= OK A 2.

Remark 2.3.4. The N�eron model of A is a group scheme. This is a simple conse-
quenceof the N�eron mapping property since multiplication m and inversion i are
morphisms on the generic �b er A of A . Therefore they induce multiplication and
inversion morphisms on all of A , with respect to the identit y section of A .

Remark 2.3.5. If E is the N�eron model of the elliptic curve E in Example 2.3.1 then
E0 is the connectedcomponent of the identit y section of E. Analogously, if A is an
abelian variety de�ned over a number �eld K and A is its N�eron model de�ned over
OK , let A 0 be the subschemeof A that is the connectedcomponent of the identit y
section.
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2.3.3 The reduction of an Ab elian Variet y at a Finite Place

Let A be an abelian variety over a number �eld K and let A 0 be the connected
component of the identit y of the N�eron model A of A over OK . For each �nite place
v 2 M 0

K de�ne the special �b er of the reduction of A at v to be ~A v = A � OK kv ,
where kv is the residue �eld at v. (Recall from Section 1.7 that A v is de�ned to be
A v = A � OK Ov .) The special �b er ~A v is a smooth group scheme,but it neednot
be connected. Let ~A 0

v be the connectedcomponent of the identit y in the �b er ~A v

(in which case ~A 0
v = A 0 � OK kv).

Prop osition 2.3.6. For a �nite place v let � v be the component group of the special
�b er, i.e., the algebraic group de�ned by the exact sequence

1 ! ~A 0
v ! ~A v ! � v ! 1:

Then the group � v is a �nite group scheme.

Proof. The groups ~A v are varieties over the �nite �elds kv , so they have �nitely
many components.

De�nition 2.3.7. Let v be a �nite place. The positive integer cv = j� v(kv)j is
called the Tamagawa number at v.

There is no known generalmethod of computing the Tamagawa number. In the
caseof elliptic curves, there exists a complete algorithm due to Tate (see [Tat75,
Cre97]). For algorithms that compute the Tamagawa numbers of certain special
abelian varieties (other than elliptic curves), see[CS01,KS00].

By Theorem 1.4.1 there exist (over kv) an abelian variety B and an a�ne alge-
braic group G such that

1 ! G ! ~A 0
v ! B ! 1

is exact. By Theorem 1.4.2there exist a unipotent group N and a torus T such that

1 ! N ! G ! T ! 1

is exact.

De�nition 2.3.8. If G = 1 then A is said to have good reduction at v. Otherwise,
A is said to have bad reduction at v. Moreover, if N = 1 then A is said to have
semistablereduction at v; in this case,if T is a split torus then A hassplit semistable
reduction at v.

Lemma 2.3.9. If v is a place of good reduction for A then cv = 1.

Proof. We will show that if A has good reduction at v then ~A 0
v = ~A v (then � v = 1

and so cv = 1). The scheme A 1 = A � OK Ov is a subscheme of A so restriction
from A to A 1 extends any morphism on A to a morphism on A 1. Therefore, for
every smooth Ov-schemeT we have HomSch (T; A 1) = HomSch (T � Ov K v ; A) which
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implies that A 1 is the N�eron model of A over SpecOv ([BLR90], Proposition 1.2.4).
Let A 2 be the subschemeof A which consistsof the generic�b er A and the abelian
variety ~A 0

v . Then A 2 is a smooth and proper scheme over Ov (since the �b ers A
and ~A 0

v are proper;[Har77] 4.8.f) so by [BLR90] Proposition 1.2.8 the schemeA 2 is
the N�eron model of its generic�b er A. Therefore Proposition 2.3.3 guaranteesthat
A 1

�= A 2 which implies that ~A v = ~A 0
v .

Example 2.3.10. Let E be an elliptic curve. Then dimK E0
v = 1 which implies

that either dimK B = 1 (in which caseG = 1 and E has good reduction at v) or
dimK B = 0 (in which casedimK G = 1 and E has bad reduction at v). Assume
that E has bad reduction at v.

1. If dimK N = 1 and T �= 1 then N �= Ga and E is said to have additiv e
reduction at v.

2. Otherwise, dimK T = 1 and N �= 1 in which caseT �= Gm over kv and E
is said to have multiplicativ e reduction. In Example 1.3.3 we saw that T is
either Gm or R1

Fq2
v

=Fqv
Gm . If T = Gm then E is said to havesplit multiplicativ e

reduction. If T = R1
Fq2

v
=Fqv

Gm then E is said to have nonsplit multiplicativ e

reduction.

2.4 The N �eron-Ogg-Shafarevic h Criterion

Let A bean abelian variety of dimensiond de�ned over a number �eld K . Recall that
there is an action of the decomposition group Gal(K v=Kv) � Gal(K =K ) and inertia
group I v on the Tate module T` A. We have chosena lift � v of the Frobeniuselement
of Gal(kv=kv) = Gal(K v=Kv)

I v to Gal(K v=Kv). Therefore, the action of � v on T`A
dependson the choice of � v . However, the action of � v on T`A I v is independent of
choicessince� v is well-de�ned up to conjugation by an element of I v . The following
lemma shows that we can interpret the inertia-invariant subrepresentation of T`A as
the Tate module of the special �b er of the N�eron model, which is more manageable.
Let A be the N�eron model of A over OK .

Lemma 2.4.1. If ` is coprime to char kv and to the index of ~A 0
v in ~A v , then there

exists an isomorphism of Gal(K v=Kv)-modules

T` ~A 0
v = T` ~A v = (T` A)I v :

Proof. Let K nr
v be the maximal unrami�ed extension of K v , i.e., K nr

v = K I v
v . Since

A(K )I v = A(K nr
v ) we get that A[`n ]I v = A(K nr

v )[`n ]. For each �nite unrami�ed
extensionL=K the schemeSpecOL is smooth over SpecOK so the N�eron mapping
property implies that A v(OL ) = A(L). By passingto the limit we get

A v(Onr
v ) = A(K nr

v );
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where Onr
v is the ring of integersof K nr

v
Since A v is a smooth scheme over SpecOv and Onr

v is henselian, the reduction
map

A v(Onr
v ) r� ! ~A v(kv);

is surjective (becausethe residue�eld of Onr
v is kv). Moreover, the Ext Z(Z=`nZ)-long

exact sequenceof
0 ! ker r ! A v(Onr

v ) ! ~A v(kv) ! 0;

gives

0 ! (ker r )[`n ] ! A v(Onr
v )[`n ] ! ~A v(kv)[`n ] ! Ext( Z=`nZ; kerr ):

Sincekerr is divisible ([Mum70] I I.6.2) the group Ext (Z=`nZ; kerr ) is trivial so the
map A v(Onr

v )[`n ] r� ! ~A v(kv)[`n ] is surjective. Moreover, Remark 2.6.3 implies that,
since `n and char kv are coprime, the surjection A v(Onr

v )[`n ] ! ~A v(kv)[`n ] is also
injective. By passingto the limit as n ! 1 we get T` A I v = T` ~A v .

By Lemma 2.2.28 there is an exact sequence1 ! T` ~A 0
v ! T` ~A v ! T` � v . Since

` is coprime to the index of ~A 0
v in ~A v , the module T` � v is trivial, which implies that

T` ~A 0
v = T` ~A v .

Theorem 2.4.2 (N �eron-Ogg-Shafarevic h). For A to have good reduction at a
place v it is su�cient that I v � Gal(K v=Kv) act trivial ly on T`A, for some` coprime
to char kv and the index of ~A 0

v in ~A v .

Proof. In Section 2.3.3 we have seenthat there exist algebraic groups G; N ; T and
B de�ned over kv , such that T is a torus, N is unipotent, B is an abelian variety
and there exist exact sequences

1 //T //G //N //1

1 //G // ~A 0
v

//B //1

(2.4.1)

An immediate consequenceis that d = dim A 0
v = dim A = dim N + dim T + dim B .

Moreover, since the unipotent group U is divisible, Lemma 2.2.28 applied to the
exact sequences2.4.1 gives(since T` T �= T` G)

1 ! T` T ! T` ~A 0
v ! T` B ! 1:

But Lemma 2.4.1 allows us to replaceT` ~A 0
v with T` A I v . Therefore

1 ! T` T ! (T`A)I v ! T` B ! 1;

which implies that dim T` ~A 0 = dim T` T + dim T`B . The rest of the proof ammounts
to dimension count. By Remark 2.2.27, we have dim T` B = 2dim B since B is an
abelian variety. Moreover, since T is a torus, there exists a kv-isomorphism T �=
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Gdim T
m . Therefore, T`T = T`Gdim T

m = (T`Gm )dim T which implies that dim T`T =
dim T.

Since I v acts trivially on T` A we get that dim T` A 0
v = dim T` A = 2dim A =

2dim N + 2dim T + 2dim B ; but this is alsoequal to 2dim B + dim T which implies
that 2dim N + dim T = 0. SinceN and T are connected,they must be trivial, so A
has good reduction at v.

One implication of Theorem 2.4.2 is that if T` A is unrami�ed at v for some`,
coprime to char kv and the index of ~A 0

v in ~A v , then it is unrami�ed for all ` coprime
to char kv and the index of ~A 0

v in ~A v .

Remark 2.4.3. The conclusionof Theorem 2.4.2still holds if we only assumè to be
coprime to char kv , since in the proof of the theorem it is enough that `n becomes
larger than the index of ~A 0

v in ~A v asn ! 1 (which follows from Proposition 2.3.6).
Moreover, if A has good reduction at v, then for in�nitely many `, the Tate module
V` A is unrami�ed at v. The details of the proof of this more generalversion can be
found in [ST68], Theorem 1.

Corollary 2.4.4. 1. If A is an abelian variety de�ned over a global �eld K then
for all but �nitely many places v the variety A has good reduction at v.

2. Let  : A ! B be an isogeny of abelian varieties. If A has good reduction at
v then so does B .

Proof. 1. Choosea prime `. SinceT` A is a �nitely generatedGal(K =K )-module,
the inertia I v acts trivially on T`A for all but �nitely many placesv. Therefore,
Remark 2.4.3 provesthat there is good reduction outside a �nite set of places
(where T`A has bad reduction or where ` j char kv).

2. Via  the Z` -module T`A hasimagea submodule of T` B of �nite index. There-
fore, if I v acts trivially on T` B , it will act trivially on T`A.

2.5 Ab elian Varieties over Finite Fields

Let A be an abelian variety of dimension d de�ned over a �nite �eld Fq. Let � q be
the Frobeniusisogeny of the abelian variety (acting asthe identit y on the topological
spaceunderlying the variety as a scheme and acting on functions by f 7! f q). If
End(A) represents the ring of endomorphismsof A (i.e., isogeniespreserving the
identit y of A), write End(A)0 = End(A) 
 Q.

Lemma 2.5.1. There exists a monic polynomial Pq 2 Z[x] of degree 2d such that
for all m; n 2 Z we have n2dPq(m=n) = deg([m] + [n] � � q) = j ker([m] + [n] �
� q)j. Moreover, Pq is the characteristic polynomial of Frobq acting on V` A and the
minimal polynomial of � q in Q(� q)=Q (where Q(� q) � End0(A).
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Proof. See[Mil86a], Proposition 12.4. and Proposition 12.9.

Write Pq(x) =
Q 2d

i =1 (x � � i ), with � i 2 C. To understand the behavior of the
roots � i of Pq we need to understand the relationship between A and A_ . Fix
L an ample invertible sheaf on A and let � = � L be the polarization associated
with L (i.e., an isogeny � L : A ! A_ ). We de�ne the Rosati involution y on
End0(A) = End(A) 
 Q by  y = � � 1 �  _ � � acting on A.

Lemma 2.5.2. The following relation holds in End0(A)

� y
q � � q = [q]:

Proof. This is equivalent to � � 1 � � _
q � � � � q = [q] or � _

q � � � � q = [q] � � (since [q]
commutes with � by construction). But for each x 2 A(K ) we have (� _

q � � � � q)(x) =
� �

q(t �
� q(x)L 
 L � 1) = t �

x (� �
qL) 
 � �

qL . Since� �
q acts by raising to the power q we get

(� _
q � � � � q)(x) = t �

xL q 
 L � q = [q] � (t �
xL 
 L � 1) = [q] � �:

Prop osition 2.5.3. Let � 2 End0(A) such that � y � � = [m], where m is a positive
integer. Let R be the set of roots of the minimal polynomial of � over Q. Then for
every root � 2 R, we have j� j =

p
m and x 7! m=x is a permutation of R.

Proof. See[Mum70] IV.21.I I.

Corollary 2.5.4 (Riemann Hyp othesis). The roots � 1; : : : ; � 2d of the minimal
polynomial of � q haveabsolutevalue

p
q and can be reordered such that � 2d� i � i = q

for all i .

Proof. Follows from Lemma 2.5.2 and Proposition 2.5.3.

2.6 The Tamagawa Measure of Ab elian Varieties

Let A be an abelian variety of dimension d over a number �eld K and let A be
its N�eron model over SpecOK . We have seenin Section 1.7 how to use a nowhere
vanishing invariant di�eren tial form w on A and a set of convergencefactors f � vg to
de�ne a measured� A;w ;f � v g. However, this measuredependson the (noncanonical)
choice of factors � v . We will use the results of Section 3.1.1 to prove that there is
a canonical choice of convergencefactors given by � v = 1, if v is an in�nite place,
and � v = L v(A; 1), if v is a �nite place. This result holds for tori as well, but we
will prove a stronger statement in the caseof abelian varieties over number �elds.
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2.6.1 The Formal Group of an Ab elian Variet y

In order to analyze the Haar measures,it is enough to look locally. This is best
understood in the context of formal groups. Abelian varieties are commutativ e
groups so their global analytic behavior is determined in a local neighborhood of
the identit y element e, by translations. A powerful tool of analyzing such a local
neighborhood of e is the notion of formal neighborhood of e, which is a formal group
for algebraic groups. However, instead of looking at the formal group of A, we will
look at the formal group of A , sinceA has much better arithmetic properties than
A.

We will identify the point e 2 A(K v) with the (closed) point which is the
image of the map e : SpecK v ! A (since A is complete every morphism from
an a�ne scheme into A is constant). The group A v is de�ned over SpecOv .
Let OA v ;e be the local regular ring of A v at e and let mA v ;e be the maximal
ideal of OA v ;e. Let bOA v ;e = lim � OA v ;e=mn

A v ;e be the completion of OA v ;e. Since
A v is smooth of relative dimension d, the ring OA v ;e is regular so there exist
indeterminates x1; : : : ; xd such that bOA v ;e

�= Ov [[x1; : : : ; xd]]. Similarly, we have
bOA v �A v ;e� e

�= Ov [[y1; : : : ; yd; z1; : : : ; zd]], where x i � � 1 = yi , x i � � 2 = zi , and � k is
projection to the k-th factor.

The multiplication morphism m : A v � A v ! A v induces a morphism m� :
Ov [[x1; : : : ; xd]] ! Ov [[y1; : : : ; yd; z1; : : : ; zd]]. Write Fi = m� (x i ) which will be power
seriesin yi and zj .

Prop osition 2.6.1. If F = (F1; : : : ; Fd) then for y = (y1; : : : ; yd); z = (z1; : : : ; zd)
we have

1. F (y; z) � y + z (mod mA v ;e).

2. F (x; F (y; z)) = F (F (x; y); z).

3. F (y; z) = F (z; y).

4. F (0; z) = z; F (y; 0) = y.

Proof. All the above follow from the formal properties of m except for the �rst
property. The �rst property follows from the fact that A has a di�eren tial operator
which takesm to the map m� : K v [[y1; : : : ; yd; z1; : : : ; zd]] ! K v [[x1; : : : ; xd]] given by
m� (y; z) = y + z.

Let bA v be the formal group of A v . Similarly to the caseof the group A v itself, the
space
 =

P
Ov [[x1; : : : ; xd]]dxi is generatedby d independent invariant di�eren tials

� i =
P

� ij (x)dxj . The fact that � i are invariant and they generate
 implies that
they are a unique scalar multiple of

�
0 : : : 0 1 0 : : : 0

�
�

@Fp

@xq

� � 1

dx:
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We have constructed a formal group bOA v ;e as the formal completion of A v along
the identit y section. The de Rham cohomologyof K v [[x1; : : : ; xn ]] is trivial, so there
exist power serieslogi such that d logi = � i for every i . The logi form the logarithm
map log = (log1; : : : ; logn ) : bA v ! Gn

a , which is an isomorphism of formal groups
(see[Fre93],Theorem 1). On a small enoughneighborhood of the identit y wherethe
seriesconverge, log is a homeomorphism. The formal Lie algebra of bA v is the Lie
algebrastructure Av of Gn

a , given by [x; y] = F2(x; y) � F2(y; x), whereF2 represents
the homogeneouspart of degree2 of F .

2.6.2 Behavior at Finite Places

Let 
 A be the projective OK -module of global invariant di�eren tials on the N�eron
model A with OK -basis� 1; : : : ; � d. Then ^ d
 A is a rank oneOK -module (with OK -
basis � 1 ^ : : : ^ � d), which is a rank one submodule of H 0(A; 
 d

A=K ), the module of
invariant di�eren tials on the abelian variety A (Section 1.7.1). Therefore, for every
global invariant di�eren tial w 2 H 0(A; 
 A=K ), there exists a fractional ideal aw of
OK , such that waw = � 1 ^ : : : ^ � dOK = ^ d
 A . Let vw = jaw jv for every �nite place
v.

Lemma 2.6.2. If v is a �nite place, then
Z

A v (Ov )
jwjv = q� d

v vw j ~A v(kv)j:

Proof. Let A v(Ov)1 be the kernel of the reduction map A v(Ov) ! A v(Ov=} v). For
every polynomial which de�nes a smooth variety, Hensel's lemma implies that one
can lift roots of the polynomials in Ov=} v to roots in Ov . Therefore, since A v is
smooth, the map A v(Ov) ! A v(Ov=} v) = ~A v(kv) is surjective by Hensel'slemma.
Therefore A v(Ov)=A v(Ov)1

�= ~A v(kv).
Consider invariant di�eren tials w1; : : : ; wn such that w = w1 ^ : : : ^ wn . The

di�eren tials wi and � i induce invariant di�eren tials bwi and b� i on the formal group bA v

of A v at the identit y section. Let Av be the formal Lie algebraof bA v . Let logi =
R

b� i

be the logarithm maps associated with the di�eren tials b� i such that logi (0) = 0.
Then log = (log1; : : : ; logn ) de�nes a homeomorphism between the neighborhood
} N

v � : : : � } N
v of (0; : : : ; 0) 2 K n

v for large enough N and a neighborhood UN of
e in A v(Ov) (note that U1 = A v(Ov)1, see [HS00], Theorem 2.6). In fact, the
logarithm map log induces a formal group isomorphism between bA v and Gn

a via
(a;b) 7! log� 1(log a + logb); the map log� 1 is well-de�ned since b� 1; : : : ; b� d is an
OK -basis for the module of invariant di�eren tials (see[Fre93], Theorem 1).

Sincethe di�eren tial w is translation invariant we have
Z

A (Ov )
jwjvd� v = [A(Ov) : A (Ov)1]

Z

A (Ov )1

jwjvd� v = j ~A v(kv)j
Z

bA v (} v )
j bwjv :
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The log function allows us to compute
Z

eA v (} N
v )

j bwjv =
Z

} N
v Av

j log� bwjv ;

and so we get that
Z

A (Ov )
jwjvd� v = [A(Ov) : A (Ov)1][} n

v : (} N
v )n ]

Z

} N
v Av

j log� bwjv :

But log� bw is an invariant di�eren tial on } N
v Av so it must be a scalar multiple

of dx1 ^ : : : ^ dxn . To evaluate this scalar factor, we needto evaluate log� bw at the
basis@=@x1 ^ : : : ^ @=@xd. Then

jlog� ( bw1 ^ : : : ^ bwd)jv

�
@

@x1
^ : : : ^

@
@xd

�
= j bw1 ^ : : : ^ bwdjv log�

�
@

@x1
^ : : : ^

@
@xd

�

= j bw1 ^ : : : ^ bwdjv

�
log�

1
@

@x1
^ : : : ^ log�

d
@

@xd

�

= j bw1 ^ : : : ^ bwdjv

�
@

log0
1 @t1

^ : : : ^
@

log0
d @td

�

=

�
�
�
�

bw1

b� 1
^ : : : ^

bwd

b� d

�
�
�
�
v

�
@

@t1
^ : : : ^

@
@td

�

= vw

by de�nition of the vw . Therefore
Z

A (Ov )
jwjv = [A(Ov) : A (Ov)1]qn(N � 1)

v vw

Z

} N
v Av

dx1 ^ : : : ^ dxn = q� n
v vw j ~A v(kv)j:

Remark 2.6.3. Since A v(Ov)1 is isomorphic via the logarithm map to U1
�=

Q
} v ,

the m-torsion A v(Ov)1[m] is trivial is m is coprime to char kv .

Corollary 2.6.4. If A has good reduction at v then
 Z

A v (Ov )
jwjv

!

L v(A; 1) = vw :

Proof. By Proposition 3.1.10 we have that L v(A; 1)� 1 = qd
v=j ~A 0

v(kv)j and since A
has good reduction at v we know that ~A 0

v = ~A v . But from Proposition 2.6.2
Z

A v (Ov )
jwjvd� v = q� d

v vw j ~A v(kv)j:

By combining thesetwo results we get the statement of the lemma.
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Remark 2.6.5. By the N�eron mapping property, there exists a homeomorphismof
topological spacesA v(Ov) �= A(K v). If w is an invariant di�eren tial on A , then
w induces a Haar measurejwjv on A v(Ov). However, the same is obtained if we
consider the invariant di�eren tial wK = w � OK K on A, which induces a Haar
measurejwK jv on A(K v). The main reasonsfor the intro duction of the fractional
idealsawK is preciselyto allow the computation of the (same) integral over A(K v) =
A v(Ov) by using a di�eren tial on A or a di�eren tial on A.

Example 2.6.6. Consider the elliptic curve E de�ned by the Weierstrassequation

y2 + y = x3 � x;

and let p 6= 37. If E is the N�eron model of E over Z, then Ep consistsof two �b ers,
each of which is an abelian variety, and is de�ned over Zp by the (pro jectivized)
equation Y 2Z + YZ 2 = X 3 � X Z 3. An invariant di�eren tial on Ep is given by w =
dx=(2y+ 1). Sincethe Weierstrassmodel wechosefor the elliptic curveE is minimal,
in the sensethat the di�eren tial w comesfrom an invariant di�eren tial on E, we may
compute its power seriesexpansionin the formal group bEp. A detailed description of
how to �nd the formal group law on bEp and how to compute a power seriesexpansion
for w is given in [Sil92] IV.1.1. Using the computer program MAGMA, we obtained
the following power seriesexpansion

bw(t)=dt = 1 + 2t3 � 2t4 + 6t6 � 12t7 + 6t8 + 20t9 � 60t10 + 60t11 + 50t12 � 280t13 +

+420t14 � 28t15 � 1190t16 + 2520t17 � 1596t18 � 4284t19 + 13608t20 + � � �

Integrating, we obtain

log(t) = t +
1
2

t4 �
2
5

t5 +
6
7

t7 �
3
2

t8 +
2
3

t9 + 2t10 �
60
11

t11 + 5t12 +
50
13

t13 � 20t14

+28t15 �
7
4

t16 � 70t17 + 140t18 � 84t19 �
1071

5
t20 + 648t21 + � � �

Since the coe�cien ts of w are integers, the power series log convergeswhenever
vp(t) > 0. For the derivation @=@x on the formal Lie algebra (x = log t) we have

log� ( bw)
�

@
@x

�
= w

�
log�

�
@

@x

��
= w

�
1

log0(t)
@
@t

�
= dt

�
@
@t

�
= 1:

Therefore, the invariant di�eren tial log� bw is the standard derivation on the formal
Lie algebra, so (vp)w = 1.

2.6.3 Behavior at In�nite Places

The problem of computing the integrals
Z

A(K v )
jwjv ;
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when v is a real or complex place,can be doneusing the analytic theory of tori. For
every complex embedding � v : K ,! C let A � v be the abelian variety de�ned by the
�b er product

A � v //

��

A

��
SpecC

� v //SpecK

Over C, the abelian variety A � v is abelian so A � v (C) is a complex analytic abelian
Lie group. Therefore, it is topologically a complex torus and the homology group
H1(A � v (C); Z) is a free Z-module of rank 2d generatedby 
 1; : : : ; 
 2d, where d is
the dimensionof the abelian variety A ([Mum70], I.1). Similarly, if v is a real place,
then H1(A � v (R); Z) is the subset of H1(A � v (C); Z) �xed by complex conjugation
(the nontrivial element of Gal(C=R)) (assumethat H 1(A � v (R); Z) is generatedby

 1; : : : ; 
 d). If we write w = w1 ^ : : : ^ wd, then we may compute

Z

A � v (C)
jwjv =

�
�
�
�
�
�
�
�
�

R

 1

w1 : : :
R


 1
w1 : : :R


 2
w1 : : :

R

 2

w1 : : :
...R


 2d
w1 : : :

R

 2d

w1 : : :

�
�
�
�
�
�
�
�
�

for a complex place v and

Z

A � v (R)
jwjv =

�
�
�
�
�
�
�

R

 1

w1 : : :
R


 1
wd

...R

 d

w1 : : :
R


 d
wd

�
�
�
�
�
�
�

for a real place v. Since these formulae have no immediate arithmetic signi�cance,
we will not prove them here (see,for example, [Gro82], pp.223).

Let A be an abelian variety de�ned over a number �eld K . The period of the
abelian variety A associated to the invariant di�eren tial w is

PA;w =

0

@
Y

v2 M 1
K

Z

A � v (K v )
jwjv

1

A
Y

v2 M 0
K

vw :

If we changethe invariant di�eren tial w by a scalar � 2 K � , then v�w = j� jvvw for
each �nite place v. Moreover, for each in�nite place v we have

Z

A � v (K v )
j� wjv = j� jv

Z

A � v (K v )
jwjv :

Therefore,
PA;�w =

Y

v

j� jvPA;w :

But, since � 2 K � , we have
Q

v j� jv = 1, so PA;w is independent of w. Therefore,
the real number PA;w is called the period of A and is denoted by PA .
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2.6.4 The Tamagawa Measure of A(AK )

Let A be an abelian variety of dimension d de�ned over a number �eld K and let w
be an invariant di�eren tial on w. Let � = f � vg to be a set of convergencefactors,
such that � v = 1 if v is an in�nite place and � v = L v(A; 1) (seeCorollary 2.6.4) if v
is a �nite place. Let S be a �nite set of placesthat includes all the in�nite places,
all the places where A has bad reduction and all the places v such that vw 6= 1.
Recall that cv is the Tamagawa number at the �nite place v (De�nition 2.3.7) and
that PA is the period of A.

Prop osition 2.6.7. If DK is the discriminant of the number �eld K then
Z

A(AK )
d� A;w ;� =

PA
Q

v2 M 0
K

cv
p

jDK j
d :

Proof. By Proposition 1.5.13, the integral makes sense,since A(AK ) is a compact
topological group. Moreover, the proof of Proposition 1.5.13 showed that if S is a
�nite set of placesthat includes the in�nite placesand all the placesv where A has
bad reduction, then the natural inclusion

A(AK ;S) ! A(AK );

is a homeomorphism. Therefore, we may integrate on A(AK ;S) =
Q

v2 S A(K v) �Q
v =2 S A v(Ov) instead of A(AK ) (by Proposition 1.5.10)and usethe measured� A;w ;�

on A(AK ;S):
Z

A(AK )
d� A;w ;� =

Z

A(AK ;S )
d� A;w ;�

= (
p

jDK j) � d
Z

Q
v 2 S A(K v )�

Q
v =2 S A v (Ov )

0

@
Y

v2 M 1
K

jwjv

1

A

0

@
Y

v2 M 0
K

jwjvL v(A; 1)� 1

1

A

= (
p

jDK j) � d

0

@
Y

v2 M 1
K

Z

A(K v )
jwjv

1

A

0

@
Y

v2 M 0
K

Z

A v (Ov )
jwjvL v(A; 1)� 1

1

A

But, by Proposition 2.6.2 we have
Z

A v (Ov )
jwjv = q� d

v vw j ~A v(kv)j = q� d
v vwcv j ~A 0

v(kv)j;

which by Proposition 3.1.10is equal to vwcvL v(A; 1). Therefore, we get that

Z

A(AK )
d� A;w ;� = (

p
jDK j) � d

0

@
Y

v2 M 1
K

Z

A(K v )
jwjv

1

A
Y

v

vwcv =
PA

Q
v2 M 0

K
cv

p
jDK j

d :
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The Birc h and Swinnerton-Dy er
Conjecture

3.1 L-functions A ttac hed to Ab elian Varieties

Let A be an abelian variety of dimensiond de�ned over a number �eld K . We would
like to construct certain L-functions associated with the Gal(K =K )-representation
V` A. On the one hand, these L-functions will give a canonical set of convergence
factors for the Tamagawa measureon A(AK ); on the other hand, we will construct
a global L -function whoseasymptotic behavior is part of the Birch and Swinnerton-
Dyer conjecture.

3.1.1 The Lo cal L-function

Let A be the N�eron model of A over OK . Let v be a �nite place of K and let
` be a prime number coprime to char kv and the index of ~A 0

v in ~A v . Recall that
V` A = T`A 
 Z` Q` = Hom(Q` =Z` ; A) which is a Q` vector spaceof dimension2d. Let
� v be a lift to Gal(K v=Kv) of the geometric Frobenius element in Gal(K nr

v =Kv),
and let I v � Gal(K v=Kv) be the inertia at v. The group Gal(K v=Kv) acts on
Hom(V` A; Q` ) by (f � )(v) = f (� � 1v).

However, the action of � v on Hom(V`A; Q` ) depends on the choice of lift � v .
We can eliminate the dependenceon choicesif we restrict to the subrepresentation
Hom(V` A; Q` )I v . Then, for every other choice of lift � 0

v , there exists � 2 I v such
that � 0

v = � � v � � 1, and the actions of � v and � 0
v on Hom(V` A; Q` )I v are identical.

The action of � v can be represented as a (2d) � (2d) matrix whosecharacteristic
polynomial is

� v(X ) = det(1 � � vX j Hom(V` A; Q` )I v ):

Remark 3.1.1. A priori, the coe�cien ts of the characteristic polynomial � v(X ) lie
in Z` , but they lie in Z and they do not depend on `. This is essential in de�ning

60
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a complexvalued, holomorphic function L v(A; s). This surprizing fact follows from
the Weil conjectures([Mil86a], Theorem 19.1)

We de�ne the local L -function at v to be

L v(A; s) = � v(q� s
v ) � 1:

To understand the local factors L v(A; s) we look at the reduction of the abelian
variety at each �nite place v. Let A be the N�eron model of A over SpecOK , let ~A v

be the special �b er of A over Speckv and let ~A 0
v is the connectedcomponent of the

identit y in ~A v . By Theorems1.4.1and 1.4.2 there exist smooth connectedalgebraic
groups G, N , T and B such that G is a�ne, N is unipotent, T is a torus and B is
an abelian variety, such that there exist exact sequences

1 //G // ~A 0
v

//B //1

1 //T //G //U //1

(3.1.1)

By Lemma 2.2.28, the fact that G is a�ne and N is unipotent implies that, on the
level of Tate modules we have an exact sequence

1 ! V` T ! V` ~A 0
v ! V` B ! 1: (3.1.2)

For any Gal(K v=Kv)-module M , let M (n) be the Gal(K v=Kv)-module whose
underlying set is M , but whose action is � � k

v (m) = � (qkn
v m), where � 2 I v and

� v 2 Gal(K nr
v =Kv) is the Frobenius. Then M (n) is called the n-twist of M . For

example, if Q` is the trivial module, then Q` (1) = lim � � `n .

Lemma 3.1.2. There existsan isomorphismof Gal(K =K )-module Hom(V`A; Q` ) �=
V` A_ (� 1) �= V` A(� 1).

Proof. Recall that the Weil pairing

è : V` A � V` A_ ! lim �
n

� `n 
 Q` = Q` (1);

is a perfectGal(K =K )-invariant pairing which inducesan isomorphismof Gal(K =K )-
modules

Hom(V`A; Q` (1)) �= V` A_ =) Hom(V`A; Q` ) �= V` A_ (� 1):

But A and A_ are isogenousso V` A �= V` A_ , which implies that Hom(V` A; Q` ) �=
V` A(� 1), as Gal(K =K )-modules.

Using the exact sequence3.1.2, the previous lemma allows us to compute the
local L v(A; s) in terms of the analogously de�ned L-factors for the torus T and
abelian variety B .
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Prop osition 3.1.3. If A, T and B are de�ned as above, then

� v(A; X ) = det(1 � � vX jV` B (� 1)) det(1 � � vX jV` T(� 1)):

Proof. Twisting the exact sequence3.1.2 by (� 1) we get

1 ! V` T(� 1) ! V` ~A 0
v(� 1) ! V` B (� 1) ! 1:

But, by Lemma 2.4.1, there exists an isomorphism of Gal(K =K )-modules V` A I v =
V` ~A 0

v ; since I v acts trivially on the twist (� 1), we obtain V` A I v (� 1) = V` ~A 0
v(� 1).

Therefore,
1 ! V` T(� 1) ! V` A I v (� 1) ! V` B (� 1) ! 1;

which implies that

det(1 � � vX jV` A I v (� 1)) = det(1 � � vX jV` B (� 1)) det(1 � � vX jV` T(� 1));

and the proposition follows.

Lemma 3.1.4. Let 1 ! M ! N ! P ! 1 be an exact sequence of algebraic groups
de�ned over kv , such that M is a�ne. Then

jM (kv)jjP(kv)j = jN (qv)j:

Proof. There exists an exact sequence1 ! M (kv) ! N (kv) ! P(kv) ! 1. The
Gal(kv=kv)-cohomology long exact sequenceis

1 ! M (kv) ! N (kv) ! P(kv) ! H 1(kv ; M ):

Since M is a�ne, by Theorem 1.4.2, to show that H 1(kv ; M ) = 0 it is enough to
show that H 1(kv ; Ga) and H 1(kv ; Gm ) are both trivial. But this is the statement
of Hilb ert's theorem 90. Therefore, 1 ! M (kv) ! N (kv) ! P(kv) ! 1 and the
conclusionfollows.

Lemma 3.1.5. For the abelian variety B we have � v(B ; q� 1
v ) = jB (kv)jq� dB and

j� v(B ; q� s
v )j �

�
�
�1 � q1=2� s

v

�
�
�
2 dim B

:

Proof. Let b = dimkv B . By Lemma 2.5.1, � v(B ; X ) = det(1 � � vX j Hom(V`B ; Q` ))
is a degree2b-poynomial � v(B ; X ) =

Q 2b
i =1 (1 � � i X )(1 � � i X ) with j� i j =

p
qv .

Therefore,

j� v(B ; q� s
v )j �

2bY

i =1

j1 � q1=2� s
v j =

�
�
�1 � q1=2� s

v

�
�
�
2b

:
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But � i =qv = 1=� i which implies that

� v(B ; q� 1
v ) =

Y
(1 � 1=� i )(1 � 1=� i ) =

Y
(1 � � i )(1 � � i )=

Y
� i � i :

Since� v(B ; 1) =
Q

(1� � i )(1� � i ) counts the number of �xed points of the Frobenius
� B = � qv (acting on B , as in Section 2.5), we have � v(B ; 1) = jB (kv)j. Therefore
� v(B ; q� 1

v ) = jB (kv)jq� dim B .

We would like to do the samecomputation for the torus T. Let bT = Hom(T; Gm )
be the character group of the torus T. The action of Gal(kv=kv) on bT is given by
( � f )(g) = � f (� � 1(g)), for f : T ! Gm and g 2 T.

Lemma 3.1.6. We have� v(T; X ) = det (1 � � vX jV` T(� 1)) = det(1� FvX j bT 
 Q` ),
where Fv = � � 1

v .

Proof. The evaluation pairing V` T � ( bT 
 Q` ) ! Q` (1) is perfect and Gal(kv=kv)-
invariant. Therefore, there existsan isomorphismof Gal(kv=kv)-modulesV` T(� 1) �=
Hom(V` T; Q` (1)) �= bT 
 Q` . The result follows from the fact that the Galois action
on Hom is given by f � (x) = f (� � 1x).

Lemma 3.1.7. We have � v(T; q� 1
v ) = jT(kv)j=qdim T

v .

Proof. Let t = dim T. The lemma is equivalent to the fact that det(qv � Fv j bT 


Q` ) = jT(kv)j. Since T is a torus, there exists a kv-isomorphism � : T
�=! Gt

m .

From the fact that T �=
bbT we deduce(by taking Galois invariants) that the map

T(kv) � ! HomGal(kv =kv ) (
bT; Gm ) given by x 7! ( x : � 7! � (x)) is an isomorphism

(T �=
bbT). Therefore,

x 2 T(kv) ( )  x 2 HomGal( kv =kv ) (
bT; Gm )

which, via b� : bGt
m ! bT, is equivalent to  x � b� 2 HomGal(kv =kv ) (

bGt
m ; Gm ).

The idea is to uselinear algebra to compute the characteristic polynomial of Fv

and for this we needto passfrom the Z-module HomGal(kv =kv ) (
bGt

m ; Gm ) to a vector
space. One way to achieve this is to tensor with Q` . The condition that x 2 T(kv)
is equivalent to

 x � b� 
 1 2 HomGal( kv =kv ) (
bGt

m 
 Q` ; Gm 
 Q` ):

SinceGal(kv=kv) is topologically generatedby Fv it is enoughto check that  x � b� 
 1
is �xed by Fv .

In Theorem 1.3.2 we de�ned a cocycle h� : � 7! � ( ) � 1 2 H 1(kv ; Aut kv
(Gt

m )).

Let � i be the standard basis of bGt
m , i.e., � i (x1; : : : ; xd) = x i for all i . Since hFv is
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an automorphism of Gt
m , the map bhFv de�nes an automorphism of bGt

m sobhFv 
 1 2
Aut ( bGt

m 
 Q` ). Then

det(qv � Fv j bT 
 Q` ) = det(qv � bhFv 
 1):

In terms of the standard basis on bGt
m we can write bhFv (� i ) =

P
j hij � j with

hij 2 Z. The condition that Fv �xes  x � b� 
 1 is equivalent to bhFv 
 1 �xing
 x � b� 
 1, i.e., for every � 2 bGt

m we have

Fv((  x � b� 
 1)(� 
 1)) = ( x � b� 
 1)(bhFv � 
 1):

This can be checked at each basiselement � i in which casewe need

Fv((  x � b� )( � i ) 
 1) = ( x � b� )(
X

j

hij � j ) 
 1 =
Y

j

( x � b� )( � j )h ij 
 1:

Write � (x) = (x1; : : : ; xd) 2 Gt
m . The advantages of the formula above is that it

takes the problem of �nding points in T(kv) to �nding points on Gt
m . Note that

( x � b� )( � i ) = x i (because� i (� (x)) = x i ) which implies that
Q

j (x j 
 1)h ij = (x i 
 1)qv .
Therefore, to count T(kv) we only need to count (x1; : : : ; xn ) 2 Gt

m such thatQ
j (x j 
 1)h ij = (x i 
 1)qv for all i . Observe that Gt

m 
 Q` is a Q` -vector space;by
diagonalizing the matrix qv I t � (hij ), the number of such solutions is equal to the
determinant of the matrix qv I d � (hij ) ([Ono61], 1.2.6).

Lemma 3.1.8. If N is a nilpotent group de�ned over kv then jU(kv)j = qdim U
v .

Proof. By [Gro64], Exp. 17, Lemma 2.3, the group N hasa composition serieswith
successive quotients isomorphic to Ga. But jGa(kv)j = qv soby Lemma 3.1.4we get
that jN (kv)j =

Q dim N
i =1 jGa(kv)j = qdim N

v .

Example 3.1.9. Let E be an elliptic curve and let v be a �nite place. If v is a placeof
good reduction and if B is the reducedelliptic and det(1� � B q� s

v ) = 1� avq� s
v + q1� 2s

v ,
giving the usual L v-factor at primes of good reduction for elliptic curves. If E has
additiv e reduction at v, then Proposition 3.1.3 shows that L v(E ; s) = 1.

Assume that E has multiplicativ e reduction at v. Then the toric part of the
reduction is 1-dimensionalso by Example 1.3.3, T is either Gm or R1

lv =kv
Gm , where

lv=kv is a degree2 extension. If E has split reduction then T �= Gm and the L v-
factor is given by det(1 � Fvq� s

v j bGm ) � 1 = (1 � q� s
v ) � 1. If E has nonsplit reduction

then T �= R1
lv =kv

Gm and so L v is given by det(1 � Fvq� s
v j bR1

l=kGm ) � 1 = (1 + q� s
v ) � 1.

Prop osition 3.1.10. For all �nite placesv of K wehaveL v(A; 1) = qdim ~A 0
v

v =j ~A0
v(kv)j.
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Proof. By Lemma 3.1.4 and the two exact sequences3.1.1 we have j ~A 0
v(kv)j =

jN (kv)jjT(kv)jjB (kv)j. Combining the results from Lemmas 3.1.5, 3.1.7 and 3.1.8
we get

j ~A0
v(kv)j

qdim ~A 0
v

v

=
jB (kv)jjT(kv)jjU(kv)j

qdim B +dim T +dim U
v

= � v(B ; q� 1
v )� v(T; q� 1

v ) = � v(A; q� 1
v )

= L v(A; 1)� 1

3.1.2 Global L-function

The local L v(A; s) factors encode information at each �nite place v. In order to get
global information about the abelian variety A, we de�ne the global L -function to
be

L(A; s) =
Y

v

L v(A; s);

where the product is taken over all �nite placesv. One could de�ne local L -factors
at the in�nite places,using variants of the Euler �-function. However, such factors
are useful for possible functional equations satis�ed by the global L -function, and
do not encode relevant arithmetic data (for a discussionof the local L -factors at
in�nite places,see[Tay02]).

Lemma 3.1.11. The function L(A; s) convergesabsolutelyto a holomorphic func-
tion for Res > 3=2.

Proof. For all but �nitely many placesv, the abelian variety A has good reduction,
sothe analytic behavior of L is determined by the product of the local L v(A; s), such
that A hasgood reduction at v. By Lemma3.1.5wehave j� v(A; q� s

v )j � j1� q1=2� s
v j2d

for all v of good reduction for A. Therefore, the analytic behavior of L (A; s) is the
sameas that of Y

v

j1 � q1=2� s
v j � 2d = � K (s � 1=2)2d:

Therefore, L (A; s) is holomorphic when Res > 3=2.

The basic conjecture regarding the L-function is

Conjecture 3.1.12. If K is a number �eld and A is an abelian variety over K then
there exists an analytic continuation of L (A; s) to the whole plane C.

Remark 3.1.13. In the casewhen K is a function �eld then it is known that L (A; s)
is meromorphic on C. In the caseof number �elds K , the conjecture is proven for
elliptic curvesde�ned over K = Q, a fact that follows from the Modularit y Theorem
([BCDT00]).
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3.2 The Conjecture

The Birch and Swinnerton-Dyer conjecture relates the behavior of the global L -
function and the arithmetic properties of the abelian variety.

Conjecture 3.2.1 (Birc h and Swinnerton-Dy er, weak form). Let A be an
abelian variety de�ned over a number �eld K and let L (A; s) be the global L -function
of A. Then the order of vanishing of L at 1 is equal to r , the rank of A.

Birch and Swinnerton-Dyer went further and conjectured what the coe�cien t of
the �rst term in the Taylor expansionof L (A; s) around 1 should be:

Conjecture 3.2.2 (Birc h and Swinnerton-Dy er, strong form). Let A be an
abelian variety of rank r de�ned over a number �eld K . Let L (A; s) be the global
L -function of A, let A(K ) tors and A_ (K )tors be the torsion subgroups of A(K )
and A_ (K ) respectively. Let RA be the regulator of A, and let X (A=K ) be the
Shafarevich-Tate group. Then X (A=K ) is a �nite group and

L (r ) (A; 1)
r !

R
A(AK ) d� A;w ;�

=
RA jX (A=K )j

jA(K )tors jjA_ (K )tors j
:

This statement of the conjecture is not e�ectiv e from a computational perspec-
tiv e. By Proposition 2.6.7 we may rewrite the formula as

1
r !

L (r ) (A; 1) =
PA RA jX (A=K )j

Q
v2 M 0

K
cv

p
jDK j

d
jA(K )tors jjA_ (K )tors j

:

This statement of the conjecture is extremely useful becauseit givesa computation-
ally e�ectiv e method of computing the sizeof X (E=K ) in the caseof elliptic curves
E de�ned over Q, which in turn gives an upper bound on the running time of an
algorithm that computes generators for the Mordell-Weil group E(Q) (algorithms
for computing each of the other quantities in the formula are discussedin [Cre97]).

Conjecture 3.2.1 was proven in the caseof elliptic curves of analytic rank 0 or
1 (i.e., order of vanishing of the L-function 0 or 1) by combining the Modularit y
theorem ([BCDT00]), the work of Grossand Zagier ([GZ86]) and that of Kolyvagin
on Euler systems([Gro91]). In most other cases,little is known. However, there
are theoremsabout the consistencyof the conjecture. If A ! B is an isogeny, then
Conjecture 3.2.2 is true for A if and only if it is true for B . To prove such a theorem
onecannot usethe above form of the conjecture,sincethe N�eron model of an abelian
variety (and implicitly the Tamagawa numbersat �nite places)doesnot behave well
under isogenies.

What doesbehave well under isogeny is the set of placeswherean abelian variety
hasgood reduction (Corollary 2.4.4). SochooseS a �nite set of placesthat includes
the set of in�nite places,the placesof bad reduction and the placeswhere vw 6= 1.
We will de�ne a new set of convergencefactors for the Tamagawa measureon A(AK )
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by � S = f � vg such that � v = 1 if v 2 S and � v = L v(A; 1) if v =2 S. Thus we obtain
a measured� A;w ;� S such that

Z

A(AK )
d� A;w ;� =

0

@
Y

v2 S\ M 0
K

L v(A; 1)

1

A
Z

A(AK )
d� A;w ;� S :

Let L S(A; s) =
Q

v =2 S L v(A; s), which has the sameanalytic behavior as L(A; s)
sincewe simply took out a �nite product of nonvanishing, holomorphic functions.

Prop osition 3.2.3. Conjecture 3.2.2 is equivalent to

L (r )
S (A; 1)

r !
R

A(AK ;S ) d� A;w ;� S

=
RA jX (A=K )j

jA(K )tors jjA_ (K )tors j
:

Proof. SinceA(AK ;S) = A(AK ), it is enoughto show that L (r ) (A; 1) =
� Q

v2 S\ M 0
K

L v(A; 1)
�

L (r )
S (A; 1).

We have

L (r ) (A; 1) =

0

@

0

@
Y

v2 S\ M 0
K

L v(A; s)

1

A L S(A; s)

1

A

(r )

js=1

=
rX

i =0

0

@
Y

v2 S\ M 0
K

L v(A; s)

1

A

(i )

(L S(A; s)) (r � i ) js=1

But Conjecture 3.2.1 implies that the order of vanishing of L S(A; s) at 1 is r so
(L S)(r � i ) (A; 1) = 0 if r 6= 0 and the proposition follows immediately.

Conjectures 3.2.2 and 3.2.3 do not generally appear together in the literature.
With the machinery already developed, the proof was straightforward. However, it
required the prior careful analysis of the structure of the local L -factors and of the
local integrals.
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Global Num ber Theory

The fact that Conjecture 3.2.2 encodes so much arithmetic data implies that any
proof involving the conjecture would require a large number of global number the-
oretic results. In order to prove that the conjecture is invariant under isogenies,
one needsto use global Tate-Poitou dualit y and the global Euler-Poincare charac-
teristic. First, we develop the necessarymachinery to be able to manipulate long
exact sequencesof Ext. Then we derive the global results we will use to prove the
invariance under isogeny.

4.1 Deriv ed Functors

The absolute Galois group of a number �eld K , Gal(K =K ), is rather mysterious.
It is a topological pro�nite group, i.e., it is Hausdor�, compact and totally discon-
nected. However, its structure is not fully understood. In fact, most information
about Gal(K =K ) can be obtained not by studying its structure, but by studying
representations of it, i.e., continuous maps

Gal(K =K ) ! Aut (V )

for some(�nite dimensional) vector spaceV . More generally, if G is a group, Z[G],
the free group whosegeneratorsare elements of G, is a noncommutativ e ring that
can act on a set M . If the action of G on M is continuous, we say that M is
a continuous Z[G]-module, or simply, a continuous G-module. Let Mo dG be the
category of continuous G-modules.

The most e�cien t strategy in studying the representations of a group G is to
associate to each representation an invariant. For example, a covariant functor F
from Mo dG to the category of abelian groups is an example of such an invariant.
More often than not, the functor F is not exact in the sensethat given an exact
sequence1 ! M ! N ! P ! 1 of continuous G-modules, the corresponding
sequence1 ! F (M ) ! F (N ) ! F (P) is not right exact.

68
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Example 4.1.1. Let G = f� 1; 1g acting by multiplication on the sets M = N = Z
and P = Z=2Z. Consider the functor F from Mo dG to the category of abelian
groups, F (X ) = X G , taking a module X to the G-invariant submodule. Then
F (Z) = f 0g, since G acts by inverting the sign. However, F (Z=2Z) = Z=2Z since

� 1 = 1 in Z=2Z. Therefore the exact sequence1 ! Z 2! Z ! Z=2Z ! 1 becomes
1 ! 1 ! 1 ! Z=2Z, which is not exact.

De�nition 4.1.2. The k-th right derived functor of F is a functor R r F from Mo dG

to the categoryof abelian groupssuch that for every exact sequence1 ! M ! N !
P ! 1 of continuous G-modules, we get a long exact sequence

1 ! F (M ) ! F (N ) ! F (P) ! R1F (M ) ! R1F (N ) ! R1F (P) ! R2F (M ) ! � � �

Example 4.1.3. If G is a group and F is the functor that takesX 2 Mo dG to X G,
then Rr F (X ) is none other than the usual group cohomologyH r (G; X ).

If the functor F is contravariant, meaning that a map M ! N induces a map
F (N ) ! F (M ) (in the other direction), then onecande�ne the notion of left derived
functor in the sameway.

Let G be a group. Then, the functor F (X ) = X G can be rewritten asthe functor
F (X ) = HomG(Z; X ), i.e., G-invariant homomorphismsfrom the trivial G-module
Z to the G-module X . More generally, for a continuous G-module M , the functor
FM (X ) = HomG(M ; X ) taking X to G-invariant homomorphismsfrom M to X is
covariant.

De�nition 4.1.4. Let Ext r
G(M ; � ) be the k-th derived functor of FM .

Remark 4.1.5. If M = Z has trivial G-action, then Ext r
G(M ; X ) = H r (G; X ),

since HomG(Z; X ) and X G are the same functor. The quickest way to compute
Ext r

G(M ; N ) is to use injective resolutions. Let

N � : 1 ! N 0 ! N 1 ! N 2 ! � � �

be an injective resolution of N . SinceHomG(M ; � ) is covariant, we obtain a reso-
lution

1 ! HomG(M ; N 0)
i 1! HomG(M ; N 1)

i 2! HomG(M ; N 2) ! � � � :

Then Ext �
G(M ; � ) is simply the cohomology of the complex HomG(M ; N � ), i.e.,

Ext r = ker i r =Imi r � 1. A quick corollary of this fact is that if M ; N and P are
continuous G-modules, then

Ext r
G(M ; N � P) = Ext r

G(M ; N ) � Ext r
G(M ; P)

Example 4.1.6. As an application of the previous remark, we will show that if M
and N are abelian groups then for every r � 2 we have Ext r

f 1g(M ; N ) = 0. Indeed,
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let N 1 be an injective module such that 0 ! N ! N 1. If N 2 is the cokernel of the
inclusion, then it is also injective (see[Wei94] Lemma 3.3.1) so we get an injective
resolution 0 ! N ! N 1 ! N 2 ! 0. Therefore, Ext r

f 1g(M ; N ) is the cohomologyof
the complex

0 ! Hom(M ; N 1) ! Hom(M ; N 2) ! 0:

Since there are only two nonzerogroups in the complex, all cohomologygroups in
dimension r � 2 vanish.

Remark 4.1.7. If M = Z, the previous remark shows that we may compute the
cohomology groups H r (G; � ) by using injective resolutions. Such a computation
could also be taken as a de�nition. However, in that case,the fact that H r (G; � )
is the r -th derived functor of F (X ) = X G would no longer be clear. To show that
the cohomologyof the complex HomG(Z; N � ) doesindeed give the derived functors
of HomG(Z; N ), we need the following general fact about cohomology(see[Wei94]
1.3). Consider a commutativ e diagram with exact columns, such that the rows are
complexes,i.e., d � d = 0

0

��

0

��

0

��
d //Ak� 1

d //

��

Ak
d //

��

Ak+1
d //

��
d //Bk� 1

d //

��

Bk
d //

��

Bk+1
d //

��
d //Ck� 1

d //

��

Ck
d //

��

Ck+1
d //

��
0 0 0

We may construct the cohomologiesof each complex H r = kerd=Imd. Then H r is
a derived functor in the sensethat there exists a long exact sequence

1 ! H 0(A) ! H 0(B ) ! H 0(C) ! H 1(A) ! � � �

A similar functor to HomG(M ; � ) is the functor � 
 Z[G] N for a continuous
G-module N . However, this functor is contravariant. De�ne TorG

k (� ; N ) to be the
k-th left derived functor of the functor � 
 Z[G] N . Again, Tor can be computed in
a similar fashion to Ext, but now by choosing a projective resolution � � � ! N 2 !
N1 ! N0 = N ! 0 and taking TorG

r (M ; N ) to be the homology of the complex
M 
 Z[G] N � .

If H is a normal and closedsubgroup of G then G=H is a topological pro�nite
group and we may naturally endow Ext r

H (M ; N ) with the structure of G=H module
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by letting � 2 G=H act on f 2 HomH (M ; N ) by � f : m 7! � f (� � 1m). If M is
�nite, then Ext r

H (M ; N ) is a continuous module. Otherwise, de�ne dExt
r
H (M ; N ) =

[ H � U� G Ext r
H (M ; N )U to be the continuous submodule of Ext r

H (M ; N ).
For every continuous H -module N , we de�ne the induction IndG

H N = f f :
G ! N jf (hg) = h(f (g)) ; 8h 2 H g to be a set with a G-action given by gf (x) =
f (xg). The induction is a continuousG-module and for every G-module M we have
HomG(M ; IndG

H N ) = HomH (M ; N ) (Frobenius reciprocity). Sincethe two functors
are equal, their right derived functors must be equal as well, hencethere exists an
isomorphism Ext r

G(M ; IndG
H N ) �= Ext r

H (M ; N ).
As usual for derived functors, there exists a Grothendieck spectral sequencefor

the Ext r
G(M ; N ). Spectral sequencesare an extremely useful tool for determining

right derived functors, such as Ext � and H � . A spectral sequenceis consists of
a set of abelian groups E p;q

r for r � 2 and (p;q) 2 Z � 0 � Z � 0 and derivations
d : E p;q

r ! E p+ r ;q� r +1
r (derivation simply means that d � d = 0) such that E p;q

r +1

can be obtained as the cohomologygroup of the complex E p+ kr ;q� k(r � 1)
r . For each

p and q, there exists r 0 such that if r > r 0 then E p;q
r = E p;q

r � 1. This occurs when
the derivations that go in and out of E p;q

r are the 0 maps (so r 0 = p + q works).
Denote this constant sequenceof groupsby E p;q. To say that there exists a spectral
sequenceE p;q

2 =) E p+ q simply meansthat for each n � 0, there existsa composition
seriesof E n with successive quotients equal to E p;n� p. While a full description of
spectral sequencesand their techniquesof computation would divergetoo much from
the purposeof this section, it is worthwhile to mention the similarit y between the
Grothendieck spectral sequenceR i F � Rj G =) Ri + j F � G and the classicalLeibniz
rule for di�eren tiation dn (f g) =

P n
i =0 di (f )dn� i (g). It is much easierto deal with

spectral sequencesvisually

...

E 0;3
2

((QQQQQQQQQQQQQQQ E 1;3
2

((QQQQQQQQQQQQQQQ E 2;3
2

((QQQQQQQQQQQQQQQQ E 3;3
2

E 0;2
2

((QQQQQQQQQQQQQQQ E 1;2
2

((QQQQQQQQQQQQQQQ E 2;2
2

((QQQQQQQQQQQQQQQQ E 3;2
2

E 0;1
2

((QQQQQQQQQQQQQQQ E 1;1
2

((QQQQQQQQQQQQQQQ E 2;1
2

((QQQQQQQQQQQQQQQ E 3;1
2

E 0;0
2 E 1;0

2 E 2;0
2 E 3;0

2
: : :

Thus, the fact that E p;q
2 =) E p+ q can be interpreted as: for r su�cien tly large,

E n has a composition serieswhose successive quotients are elements E p;q
r on the
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diagonal p+ q = n. For certain groupsE p;q
2 it is particularly easyto compute E p+ q,

since it may happen that all E p;q
2 = 0 for q > 0 (as it does in Lemma 4.2.3).

Prop osition 4.1.8. Let H be a normal closed subgroup of G, let N ; P be G-modules
and let M be a G=H-module suchthat Tor1

Z(M ; N ) = 0. Then there existsa spectral
sequence

Ext r
G=H (M ; dExt

s
H (N ; P)) =) Ext r + s

G (M 
 Z N; P):

Proof. See[Mil86a], Theorem 0.3.

4.2 Dualit y

All G-modules are assumedto be continuous. Let � 1 represent the group of roots
of unit y. For a Gal(L=K )-module M we will write M � = Hom(M ; � 1 ) and M _ =
Hom(M ; Q=Z) and cM = Hom(M ; Gm ) for the Pontryjagin dual of M . If M is
a G-module, each of M � ; M _ and cM can be turned into a G-module, by letting
� f (x) = � f (� � 1x), where the action of G on the image spaceis determined on a
case-by-casebasis. (For example, if G = Gal(K =K ) then the G-action on Gm is
simply the action of Gal(K =K ) on K

�
.)

Let K be a number �eld. Dualit y in the context of arithmetic has beeninspired
by dualit y theorems(such as Poincaredualit y) in the careof smooth compact man-
ifolds.

4.2.1 Lo cal Dualit y

Let v bea �nite placeof K and let M bea Gal(K v=Kv)-module. Then H r (K v ; M ) =
0 for r � 3 and there exists a pairing

H r (K v; M ) � H 2� r (K v ; M � ) [! H 2(K v; M 
 M � ) ! Q=Z

given by hf ; gi v = invv(f [ g), where invv are the invariant maps of local class�eld
theory. For proofs of the following two theorems,see[NSW00] Theorem 7.2.6.

Theorem 4.2.1 (Lo cal Tate Dualit y). The pairing

h; i v : H r (K v ; M ) � H 2� r (K v ; M � ) ! Q=Z

is perfect.

If v is complex, the groups H r (K v; � ) are trivial. If v is real, H r (K v ; � ) are
�nite for �nite Gal(K v=Kv)-modules. There is a pairing

h; i R : H r (K v; M ) � H 2� r (K v ; M � ) ! Q=Z;
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given by the [ product (since H 2(Gal(C=R); C� ) �= Z=2Z � Q=Z). The pairing
de�ned for thesecohomologygroups is degeneratewhen r = 0; 2. For every in�nite
place v, write bH r (K v; M ) = M Gal(K v =K v )=NK v =K v

M if r = 0 and bH r (K v ; M ) =

H r (K v ; M ) if r > 0. To easenotation we will write bH 0(K v; M ) = H 0(K v ; M )
whenever v is a �nite place.

Theorem 4.2.2. The pairing

h; i v : bH r (K v ; M ) � bH 2� r (K v ; M � ) ! Q=Z

is nondegenerate.

If we continue the analogy with the caseof topological dualit y, Theorem 4.2.1
implies that local �elds behave like complex curves. This is not the casefor number
�elds, as we shall seein the next section.

4.2.2 Global Dualit y

Let K be a number �eld and let S be a �nite set of placesthat includes all in�nite
places. Let K S be the maximal algebraic extension of K that is unrami�ed at all
placesv =2 S and let GS = Gal(K S=K ). Wewill denotethe �nite sum � v2 SK �

v 
 K
�

by I S and we will write CS = I S=O�
K ;S

. Then, there exists an exact sequence

0 ! O�
K ;S

! I S ! CS ! 0:

The construction of the 9-term global dualit y long exact sequencein Theorem 4.2.7
requiresglobal class�eld theory and an analysisof the Ext long exact sequencesthat
arisefrom the short exact sequence0 ! OK ;S ! I S ! CS ! 0. The particular case
of interest for global dualit y is the caseof Gal(K S=K )-modulesM such that no place
of S divides jM j. Beforewewrite down the Ext GS (M ; � )-long exact sequencefor the
short sequenceabove, we would like to compute the Ext -groups separately. Since
the proofs of thesecomputations are somewhat lengthy, technical and unrevealing,
we will only prove the �rst lemma, as an example of the general method of proof
using spectral sequences.

Lemma 4.2.3. Let M be a �nite Gal(K S=K )-module and let cM = Hom(M ; O�
K ;S

),

where the Gal(K S=K )-action on O�
K ;S

is given by the action of GS on O�
K ;S

. If S

contains all the in�nite places and all the places dividing jM j then

Ext r
GS

(M ; O�
K ;S

) = H r (GS; cM )

for r � 0.
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Proof. The proof is nothing more than an exercisein interpreting the spectral se-
quencein Proposition 4.1.8. If we apply Proposition 4.1.8 to the closedsubgroup
1 of GS and the trivial GS-module Z (in which casethe hypothesis of Proposition
4.1.8 is satis�ed) we get

E r ;s
2 = Ext r

GS
(Z; dExt

s
1(M ; O�

K ;S
)) =) Ext r + s

GS
(M ; O�

K ;S
):

Since M is �nite we can replace dExt by Ext. Then H r (GS; Ext s
1(M ; O�

K ;S
)) =

Ext r
GS

(Z; Ext s
1(M ; O�

K ;S
)).

Since Z[1] = Z, the groups Ext s
1(M ; O�

K ;S
) are trivial for r � 2, by Exam-

ple 4.1.6. Moreover, we have assumedthat no place of S divides jM j. Thus,
jM j 2 O�

K ;S
and for every ` j jM j the roots of unit y � ` are included in K S. Conse-

quently , raising to power ` is a surjection on O �
K ;S

. Therefore, Ext 1(Z=`Z; O�
K ;S

) =

OK ;S=(OK ;S)` = 0 ([Wei94] 3.3.2). Since M is a �nite abelian group, this implies
that Ext 1(M ; O�

K ;S
) = 0 (by the structure theorem for �nitely generated abelian

groups). Finally, Ext 0(M ; O�
K ;S

) = cM by de�nition. Thus, the spectral sequence

E r ;s
2 =) E r + s is

...

0

,,YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY 0

,,YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY 0

,,XXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 0

0

,,XXXXXXXXXXXXXXXXXXXXXXXXXXXXX 0

,,XXXXXXXXXXXXXXXXXXXXXXXXXXXXX 0

++WWWWWWWWWWWWWWWWWWWWWWWWWWWWW 0

Ext 0
GS

(Z; cM ) Ext 1
GS

(Z; cM ) Ext 2
GS

(Z; cM ) Ext 3
GS

(Z; cM ) : : :

and so
H r (GS; cM ) �= Ext r

GS
(Z; cM ) �= Ext r

GS
(M ; O�

K ;S
);

sinceon each diagonal in the spectral sequence,only one term is nonzero.

Lemma 4.2.4. Let M be a �nite GS-module and let cM = Hom(M ; K
�

) with the
usual Galois action. Then

Ext r
GS

(M ; I S) = � v2 SH r (K v ; cM )

Proof. See[Mil86b], Lemma 4.13. (Note that in our case,S is a �nite set, so the
computation is signi�cantly simpler than in [Mil86b]).
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Lemma 4.2.5. Assumethat M is a �nite GS-module such that S contains all the
places dividing jM j. Then, for r 2 f 1; 2g, we have

Ext r
GS

(M ; CS) �= H 2� r (GS; M )_ :

Proof. See[Mil86b] Theorem 4.6.a. This lemma is where global class�eld theory is
used.

Consider the exact sequenceof GS-modules 0 ! O�
K ;S

! I S ! CS ! 0. The

Ext GS (M ; � )-long exact sequenceassociated to it is

0 //Ext 0
GS

(M ; O�
K ;S

) //Ext 0
GS

(M ; I S) //Ext 0
GS

(M ; CS)

ssf f f f f f f f f f f f f f f f f f f f f f f f f

Ext 1
GS

(M ; O�
K ;S

) //Ext 1
GS

(M ; I S) //Ext 1
GS

(M ; CS)

ssf f f f f f f f f f f f f f f f f f f f f f f f f

Ext 2
GS

(M ; O�
K ;S

) //Ext 2
GS

(M ; I S) //Ext 2
GS

(M ; CS)

By Lemmas4.2.3, 4.2.4 and 4.2.5, this exact sequencebecomes

0 //H 0(GS; M )
i M //� v2 SH 0(K v; M ) //Ext 0

GS
(M ; CS)

rrf f f f f f f f f f f f f f f f f f f f f f f f f f f f

H 1(GS; M )
f M

//� v2 SH 1(K v; M )
gM //H 1(GS; M � )_

rrf f f f f f f f f f f f f f f f f f f f f f f f f f f f

H 2(GS; M ) //� v2 SH 2(K v; M )
j M //H 0(GS; M � )_

(4.2.1)

Remark 4.2.6. By Theorems4.2.1 and 4.2.2, there exists an isomorphism

� v2 SH 1(K v ; M ) �= � v2 SH 1(K v ; M � )_ :

Similarly, there exists an isomorphism

� v2 S bH 0(K v ; M ) �= � v2 SH 2(K v ; M � )_ :

Theorem 4.2.7 (T ate-P oitou). The maps i M : H 0(GS; M ) ! � v2 S bH 0(K v ; M )
and j M � : � v2 SH 2(K v ; M � ) ! H 0(GS; M )_ are dual to each other. The maps
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f M : H 1(GS; M ) ! � v2 SH 1(K v ; M ) and gM � : H 1(GS; M )_ ! � v2 SH 1(K v ; M � )
are dual to each other. Moreover, they induce an exact sequence

0 //H 0(GS; M ) //� v2 S bH 0(K v ; M ) //H 2(GS; M � )_

rrf f f f f f f f f f f f f f f f f f f f f f f f f f f f

H 1(GS; M ) //� v2 SH 1(K v ; M ) //H 1(GS; M � )_

rrf f f f f f f f f f f f f f f f f f f f f f f f f f f f

H 2(GS; M ) ////� v2 SH 2(K v ; M ) //H 0(GS; M � )_ //0

Proof. By algebraic dual we mean Hom(� ; Q=Z). First, by the previous remark, it
makessenseto require that i M and j M � be dual, and that f M and gM � be dual, since
their domains and rangesare dual. Thesetwo facts follow from [Mil86b], Theorem
4.10.

Sincej M � is the algebraicdual of i M , which is injective, the homomorphismj M �

is surjective. Therefore, the long exact sequence4.2.1 implies that we have an exact
sequence

� v2 SH 1(K v ; M )
gM //H 1(GS; M � )_

rrf f f f f f f f f f f f f f f f f f f f f f f f f f f f

H 2(GS; M ) ////� v2 SH 2(K v ; M )
j M //H 0(GS; M � )_ //0

Consider the algebraicdual of the previous exact sequence,with M changedto M � .
By Remark 4.2.6, we get

0 //H 0(GS; M )
j _

M � //� v2 S bH 0(K v ; M ) //H 2(GS; M � )_

rrf f f f f f f f f f f f f f f f f f f f f f f f f f f f

H 1(GS; M )
g_

M �

//� v2 SH 1(K v ; M )

But f M = g_
M � so if we put the two sequencesnext to each other, the new

sequencewill be exact at � v2 SH 1(K v; M ), since

H 1(GS; M )
f M

//� v2 SH 1(K v ; M )
gM //H 1(GS; M � )_

is exact in the middle by the exact sequence4.2.1. This new 9-term long exact
sequenceis the one we neededto construct.
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4.2.3 Global Euler-P oincare Characteristic

For a �nite Gal(K S=K ) module M write

� S(M ) =
jH 0(GS; M )jjH 2(GS; M )j

jH 1(GS; M )j
:

Theorem 4.2.8 (T ate). We have

� S(M ) =
Y

v2 M 1
K

j bH 0(K v ; M � )j
jM jv

=
Y

v2 M 1
K

j bH 0(K v ; M � )j
jH 0(K v; M )j

:

Proof. The proof of this theorem is extremely technical and would take us too far
a�eld. For a proof, see[Mil86a] or [NSW00].

In particular, if we replaceM by M � , since jM j = jM � j we get

� S(M � ) =
Y

v2 M 1
K

j bH 0(K v; M )j
jH 0(K v; M )j

:



Chapter 5

In variance Prop erties of the
Conjecture

5.1 In variance Under Restriction of Scalars

Let L=K be a Galois extension of number �elds and let A be an abelian variety
de�ned over L . Then, by Corollary 1.2.5, B = RL=K A is also an abelian variety,
isomorphic over K to

Q
A � i as � i rangesover embeddings � i : L ,! K . We would

like to show that Conjecture 3.2.2 holds for A if and only if it holds for B . For
this, we need to analyze separately each of the quantities in the statement of the
conjecture. In fact, it is more convenient to work with Conjecture 3.2.3 (which is
equivalent to Conjecture 3.2.2).

To begin with, let S be a �nite set of placesof K that includesall in�nite places,
all placesof bad reduction of B , all placeslying under placesof bad reduction for A
and all placesthat ramify in L . Let T be the set of placesof L that lie above places
in S. There exist canonical choices of models for A and B over OL;T and OK ;S

respectively, i.e., the N�eron models A and B. Let wA be an invariant di�eren tial on
A and let wB its corresponding invariant di�eren tial on B , as in Proposition 1.7.10.
Moreover, �x the canonical setsof convergent factors � T = f � wg, such that � w = 1
is w 2 T and � w = L w(A; 1) if w =2 T, and � S = f � 0

vg such that � 0
v = 1 if v 2 S and

� 0
v = L v(B ; 1) if v =2 S.

By Theorem 2.4.2, for each v =2 S a placeof K and w a placeof L lying above v,
there exists` (su�cien tly large) such that the Tate modulesV` A and V` B areunram-

i�ed at w and v respectively. By Remark 2.2.29, we have V` B �= IndGal( K =K )
Gal( L =L)

V` A.

Therefore V` B = f f : Gal(K =K ) ! V` Ajf (hg) = hf (g); 8h 2 Gal(L=L)g with
Gal(K =K ) action given by � f (g) = f (g� ). In order to get the local L -factors we
need (V` A)I w = V` A and (V` B )I v = V` B , where I v and I w are the inertia groups.
Sincev is unrami�ed in L , we have I w = Gal(K v=LK nr

v ) = I v � Gal(L=L ).

78
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Lemma 5.1.1. With the above notation we have

det(1 � � � 1
v X j IndGal(K v =K v )

Gal(L w =Lw )
V` A) = det(1 � � � 1

w X [L w :K v ]jV` A);

(where � w is a lift of the Frobenius � w to Gal(L w=Lw)).

Proof. Sincew j v is unrami�ed by construction of S, the extensionL w=Kv is cyclic
of order nw = [L w : K v ] generatedby � � 1

v . Then

IndGal(K v =K v )
Gal(L w =Lw )

V` A = Q[Gal(K v=Kv)] 
 Q[Gal (L w =Lw )] V` A = Q[Gal(L w=Kv)] 
 V` A

in the following sense: if v1; : : : ; v2d form a Ql -basis for V` A (d = dim A), then

a Ql -basis for IndGal(K v =K v )
Gal(L w =Lw )

V` A is given by the Gal(L w=Lw)-equivariant maps f ij

taking � � i
v to vj and all the other powers of � � 1

v to 0. In that casef � � 1
v

ij = f i � 1;j

for i > 0; f � � 1
v

0;j takes� � (nw � 1)
v to � � 1

w vj and everything elseto 0, so f � � 1
v

0;j is a linear
combination of f nw � 1;j -s that corresponds on the � � 1

w action on V` A.
Let H = (hij ) be the matrix of the action of � � 1

w on the basis f v1; : : : ; v2dg.

Then, the matrix of � � 1
v on IndGal(kv =kv )

Gal(L w =Lw )
V` A is

0

B
B
B
B
B
@

02d 02d : : : 02d H
I 2d 02d : : : 02d 02d

02d I 2d : : : 02d 02d
...

02d 02d : : : 02d I 2d 02d

1

C
C
C
C
C
A

Interpretted as a matrix with entries 0; 1 and the variable H , the characteristic
polynomial is simply I 2d � X nw H . Therefore, the characteristic polynomial of the
2dnw � 2dnw matrix is the determinant of I 2d � X nw H , i.e., the determinant det(1 �
� � 1

w X nw jV` A).

Lemma 5.1.2. Let V be a Gal(L=L) module (e.g., V = V` A). If v is a �nite place
of K such that L and V are unrami�e d at v, then

IndGal( K =K )
Gal( L =L)

V �= � wjv IndGal( K v =K v )
Gal( L w =Lw )

V;

as Gal(K v=Kv)-modules.

Proof. Since L=K is Galois, if w1; : : : ; we are the placesof L lying above v, then
Gal(L=K ) acts tranzitiv ely on f w1; : : : ; weg, so there exist � i 2 Gal(L=K ) such
that � i w1 = wi . Moreover, v is unrami�ed in L , so all the decomposition groups
D i = Gal(L wi =Kv) are isomorphic, which means that f � 1; : : : ; � eg form a set of
representativ esfor Gal(L w1 =Kv) n Gal(L=K ). We needto show that

Q[Gal(K =K )] 
 Q[Gal (L=L )] V �= � wjvQ[Gal(K v=Kv)] 
 Q[Gal( L w =Lw )] V



CHAPTER 5. INVARIANCE PROPERTIES OF THE CONJECTURE 80

or Q[Gal(L=K )]
 V �= � wjvQ[Gal(L w=Kv)]
 V . This is equivalent to IndGal(L=K )
1 V =

� wi IndD i
1 V.

Note that � 2 D1 if and only if � i � � � 1
i 2 D i , so IndD i

1 V = (Ind D 1
1 V) � i (if �

gives the Galois action on W, then � 0(x) = � (� x� � 1) is the Galois action on W � ).
Therefore, we need to show that IndGal(L=K )

1 V = � � j (Ind D 1
1 V) � j . Consider the

map � : IndGal(L=K )
1 V ! � � i (Ind D 1

1 V) � i that takes the function f : Gal(L=K ) !

V (i.e., f 2 IndGal( L=K )
1 V) to � � i f i , where f i (x) = f (x� i ) goes from D1 ! V .

Since f � 1; : : : ; � eg form representativ es for D1 n Gal(L=K ), the map � is injective.
Moreover, for � f i 2 � � i (Ind D 1

1 V) � i , the function f : Gal(L=K ) ! V given by
f (x) = f i (x� � 1

i ), for x 2 D1� i , maps to � f i , via �. Therefore, the two sidesare
isomorphic.

Lemma 5.1.3. For each v =2 S a place of K and w j v a place of L we have

L v(B ; s) =
Y

wjv

L w(A; s):

Proof. Having assumedthat the Tate modules V` A and V` B are unrami�ed at w
and v respectively, for ` large enough,we have

L v(B ; s) � 1 = det(1 � � vq� s
v j Hom(V`B ; Q` ))

= det(1 � � � 1
v q� s

v jV` B )

= det(1 � � � 1
v q� s

v j � wjv IndGal( K v =K v )
Gal( L w =Lw )

V` A)

=
Y

wjv

det(1 � � � 1
v q� s

v j IndGal(K v =K v )
Gal(L w =Lw )

V` A)

=
Y

wjv

det(1 � � � 1
w q� nw s

v jV` A)

=
Y

wjv

det(1 � � wq� s
w j Hom(V` A; Q` )) =

Y

wjv

L w(A; s)

The secondequality comesfrom the fact that the action of � on f : V` B ! Q` is
given by f � (x) = f (� � 1x). The third equality comesfrom Lemma 5.1.2 while the
�fth equality comesfrom Lemma 5.1.1.

In particular, for the canonical choicesof setsof convergent factors � T and � S,
by the previous lemma we have that

Q
wjv � w = � 0

v . In particular, the conditions
of Proposition 1.7.10 are satis�ed and A(AL;T ) = B (AK ;S) (by the restriction of
scalarsproperty) so

Z

A(AL;T )
d� A;w A ;� T =

Z

B (AK ;S )
d� B ;wB ;� S :
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We now turn to the question of rank and torsion subgroupsfor A and B . The
following lemma shows that RL=K A_ = B _ .

Lemma 5.1.4. By de�nition of restriction of scalars there exists an L-morphism
 : B ! A. If � i :

Q
� :L,! K A � ! A � i is projection to the i -th factor, then the map

Pic0(A) ! Pic0(B ) given by RL=K : L 7! 
  � � �
i (L � i ) 2 Pic0(B ) is an isomorphism.

Proof. See[Mil72].

Corollary 5.1.5. There exist equalities of groups A(L) = B (K ) and A _ (L ) =
B _ (K ). Moreover, the ranks of A and B are equal, jA(L ) tors j = jB (K )tors j and
jA_ (L )tors j = jB _ (K )tors j.

Proof. The fact that A(L ) = B (K ) and A_ (L ) = B _ (K ) follow from the de�nition
of restriction of scalars. The last statements are simple corollaries of these two
equalities.

The N�eron-Tate height pairing on A is a map h; i A : A(L) � Pic0(A) ! R.
Therefore, to analyzehow the regulator behavesunder restriction of scalarswe need
to look at the functorial propertiesof the N�eron-Tate height pairing. By construction
of heights on projective spaces,we seethat h; i B � K L = [L : K ]h; i B .

Lemma 5.1.6. The regulators RA and RB of A and B are equal.

Proof. Let h; i A and h; i B be the N�eron-Tate height pairing on A and B respectively.
Let a1; : : : ; ar 2 A(L) be a Z-basisfor A(L) and let b1; : : : ; br be a Z-basisfor A_ (L ).
Then let a0

j =  � 1(
Q

a� i
j ) 2 B (K ) and let b0

j = RL=K bj 2 B _ (K ).
The isomorphism B �=

Q
A � i is de�ned over L and by the properties of the

N�eron-Tate pairing we have

ha0
i ; RL=K bj i B = [L : K ]� 1ha0

i ; RL=K bj i B � K L = [L : K ]� 1
nX

k=1

ha0
i ;  � � �

k (b� k
j )i A � k

= [L : K ]� 1
nX

k=1

h� k  (a0
i ); b� k

j i A � k = [L : K ]� 1
nX

k=1

hai ; bj i A

= (n=[L : K ])hai ; bj i A = hai ; bj i A

by functorialit y of the height pairing and the fact that L=K is Galois.
Therefore RB = j detha0

i ; b0
j i B j = j dethai ; bj i A j = RA .

Lemma 5.1.7. The Shafarevich-Tate groupsX (A=L) of A over L and X (B =K ) of
B over K have the samecardinality. In fact, there exists a canonical isomorphism
between them.
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Proof. We have

H 1(K ; B (K )) = H 1(K ;
Y

A � i (L )) = H 1(K ; IndGal(K =K )
Gal(L=L )

A(L)) ;

which by Shapiro's lemma equals H 1(L; A(L)). Therefore, the kernels, X (B =K )
and X (A=L), of the two restriction maps

H 1(K ; B (K ))

�=
��

//� vH 1(K v ; B (K v))

��
H 1(L; A(L)) //� wH 1(L w ; A(L w))

must be isomorphic, by the snake lemma.

We have shown that each quantit y that appears in Conjecture 3.2.3 is invariant
under restriction of scalars.

Corollary 5.1.8. Conjecture 3.2.2 is true for A if and only if it is true for B =
RL=K A.

5.2 In variance Under Isogeny

Let K be a number �eld and let A
 
! B be an isogeny of abelian varieties de�ned

over K . Then there exists a �nite group schemeA[ ] = ker  that �ts into an exact

sequence0 ! A[ ] ! A
 
! B ! 0. In particular this implies that 0 ! A[ ](K ) !

A(K ) ! B (K ) ! 0 and by taking cohomologyweget that 0 ! A[ ](K ) ! A(K ) !
B (K ) ! H 1(Gal(K =K ); A[ ]). But A[ ] is a �nite Gal(K =K )-module soA(K ) and
B (K ) di�er by at most torsion, so the algebraic ranks of A and B are equal. Thus,
the following proposition will prove that Conjecture 3.2.1 is invariant under isogeny.

Prop osition 5.2.1. For every �nite set of places S we haveL S(A; s) = L S(B ; s).

Proof. By Lemma 2.2.28, for ` large enough to be coprime to the size of A[ ], we
have V` A �= V` B . Therefore, each of the local L v-factors in the de�nition of L S(A; s)
and L S(B ; s) are the same,and the conclusionfollows.

Corollary 5.2.2. There exists an analytic continuation of L S(A; s) to a neighbor-
hood of 1 if and only if there exists one for L S(B ; s).

It is also the casethat if Conjecture 3.2.2 holds for one of A and B then it will
hold for the other. To make senseof the conjecture, one needschoicesof invariant
di�eren tials. Let A and B be the N�eron models of A and B over OK . Choose
w an invariant di�eren tial on B , which induces an invariant di�eren tial w on B.
Then  � w is an invariant di�eren tial on A and induces an invariant di�eren tial
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on A (if necessary, replace w by 
 w for 
 2 Q to achieve this goal). The proof
of the invariance of the Birch and Swinnerton-Dyer conjecture under restriction of
scalarswasessentially easysincethe Shafarevich-Tate group doesnot changeunder
restriction of scalarsand the L-functions behave in a straightforward manner. On
the other hand, in the case of the isogeny invariance, the situation is reversed.
Since the placesof bad reduction are very hard to control via isogeny, instead of
working with Conjecture 3.2.2 we will deal with Conjecture 3.2.3. ChooseS �nite
containing M 1

K , all placesof bad reduction for A and B , all placeswherevw or v � w

is not 1 and all placesthat divide jA[ ]j. Moreover, choose� S = f � vg such that
� v = 1 for v 2 S and � v = L v(A; 1) = L v(B ; 1) for v =2 S. We will denote by K S

the maximal algebraic extension of K that is unrami�ed at placesv =2 S, and by
GS = Gal(K S=K ).

The key to the proof of the fact that Conjecture 3.2.3 is invariant under isogeny
is expressingall the quantities in the conjecture in terms of the isogeny  . But,
beforewe can proceed,we needto assumethe �niteness of the groupsX (A=K ) and
X (B =K ) in Conjecture 3.2.3. One can prove that if A and B are isogenous,then
one of the two groups is �nite if and only if the other one is �nite ([Mil86a] Lemma
7.1.b). However, the proof would divert us from the techniques required to prove
the invariance of Conjecture 3.2.3 under isogeny. Therefore, we will assumethat
both groups X (A=K ) and X (B =K ) are �nite.

We can now proceedto analyze the changesunder isogeny of each of the quan-
tities in the conjecture. The functorial properties of the N�eron-Tate pairing suggest
that the regulator of A should be equal to the regulator of B .

Lemma 5.2.3. The regulators RA of A and RB of B are equal.

Proof. Let r denote the ranks of A and B . Consider a1; : : : ; ar a Z-basis of A(K )
and b1; : : : ; br a Z-basisof B _ (K ). Let a0

i =  (ai ) and b0
i =  _ (bi ) for i = 1; : : : ; r .

Then

j det(hai ; b0
j i )j = j det(hai ;  _ (bj )i )j = j det(h (ai ); bj i )j = j det(ha0

i ; bj i )j;

by functorialit y of the N�eron-Tate height pairing (Proposition 2.2.30).

However, it is no longer the casethat the torsion subgroupsare equal. Deter-
mining the relationship betweenthe torsion subgroupsis a simple application of the
snake lemma.

Lemma 5.2.4. We have

jA(K )tors jjA_ (K )tors j
jB (K )tors jjB _ (K )tors j

=
j ker  j

j coker  j
j coker  _ j
j ker  _ j

:
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Proof. On the level of torsion, we have a commutativ e diagram induces by the
isogeny  

0 //P Zai //

 �=
��

A(K ) //

 
��

A(K )tors //

 tors

��

0

0 //P Zbi //B (K ) //B (K )tors //0

In this casethe snake lemma givesan exact sequence1 ! ker  ! ker  tors ! 1 !
coker  ! coker  tors ! 1. Therefore jA(K ) tors j=jB (K )tors j = j ker  j=j coker  j.
The analogousprocedure in the caseof the dual isogeny  _ : B _ ! A_ gives that
jA_ (K )tors j=jB _ (K )tors j = j ker  _ j=j coker  _ j and the lemma follows.

The only two terms in Conjecture 3.2.3 that we have not yet discussedare the
global integral and the Shafarevich-Tate group. For each v =2 S, both A and B
have good reduction at v. Therefore, Corollary 2.6.4 implies that for our choice of
(canonical) convergencefactors we have

Z

A(AK ;S )
d� A;w ;� S =

 
Y

v2 S

Z

A(K v )
jwjv

!  
Y

v =2 S

Z

A v (Ov )
jwjvL v(A; 1)� 1

!

=
Y

v2 S

Z

A(K v )
jwjv

and similarly for B . Therefore, to analyze the behavior of the global integrals, it is
su�cien t to prove the following lemma.

Lemma 5.2.5. If v 2 S, then
Z

A(K v )
j � wjv =

j ker  v j
j coker  v j

Z

B (K v )
jwjv ;

where  v : A(K v) ! B (K v).

Proof. The Haar measurej � wjv on A(K v) is induced from the Haar measurejwjv
on  v(A(K v)) �= A(K v)=ker  v . Therefore, in the exact sequenceof topological
groups

1 ! A(K v)[ ] ! A(K v) !  v(A(K v)) ! 1

(note that the fact that  is surjective does not imply that  v is surjective), the
Haar measure j � wjv on A(K v) induces the discrete measure � on the �nite set
A(K v)[ ] and the Haar measurejwjv on the topologicalgroups v(A(K v)) � B (K v).
Therefore (by Fubini's theorem)

Z

A(K v )
j � wjv =

Z

A(K v )[  v ]

 Z

A(K v )
jwjv

!

d� = j ker  v j
Z

A(K v )
jwjv :

Similarly, the exact sequence1 !  v(A(K v)) ! B (K v) ! coker  v ! 1 shows that
the Haar measurejwjv on B (K v) induces the discrete measure� on the �nite set
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coker  v and the Haar measurejwjv on  v(A(K v)). Therefore,

Z

B (K v )
jwjv =

Z

coker  v

 Z

 v (A (K v ))
jwjv

!

d� = j coker  v j
Z

 v (A (K v ))
jwjv :

By dividing the two formulas, we get the formula in the lemma.

We have expressedall changesin the quantities that appear in Conjecture 3.2.3
in terms of the isogenies and  _ . This suggeststhat we should look for a similar
formula in the caseof the Shafarevich-Tate groups. In Section 2.2.5 we have seen
how the isogeny  : A ! B induces a map  x : X (A=K ) ! X (B =K ). We need
to look at the dual map  _

x : X (B _ =K ) ! X (A_ =K ). Thus, Proposition 2.2.34
becomesessential in our analysis, since it related X (A=K ) to X (A_ =K ).

Lemma 5.2.6. If  : A ! B is an isogeny, then

jX (A=K )j
jX (B =K )j

=
j ker  x j
j ker  _

x j
:

Proof. Since we have assumedthat the groups X (A=K ) and X (B =K ) are �nite,
Proposition 2.2.34 implies the existenceof nondegeneratepairings in the following
commutativ e diagram (becauseall divisible subgroupsare in�nite):

ker  x

��

coker  _
x

X (A=K )

 x

��

� X (A_ =K ) //

OO

Q=Z

X (B =K )

��

� X (B _ =K )

 _
x

OO

//Q=Z

coker  x ker  _
x

OO

Let g 2 ker  _
x . The  _

x (g) = 0 and, for every f 2 X (A=K ), we have hf ;  _
x (g)i = 0.

But the diagram is commutativ e, soh x (f ); gi = 0 for every f . Therefore, for every
f 0 2 Im x we have hf 0; gi = 0 so g 2 (Im  x )? , where for X � X (B =K ) we denote
by X ? the annihilator of X in the pairing:

X ? = f g 2 X (B _ =K )jhx; gi = 0; 8x 2 X g

Conversely, if g 2 (Im  x )? then for every f 2 X (A=K ) we have h x (f ); gi = 0 so
hf ;  _

x (g)i = 0. But the pairing is nondegenerate,sog 2 ker  _
x . Therefore,ker  _

x =
(Im  x )? . But the pairing h; i is nondegenerate,so (Im  x )? � X (B =K )=Im x =
coker  x . Therefore,

j coker  x j = j ker  _
x j:
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Consequently , the exact sequence1 ! ker  x ! X (A=K ) ! X (B =K ) !
coker  x ! 1 shows that

jX (A=K )j
jX (B =K )j

=
j ker  x j

j coker  x j
=

j ker  x j
j ker  _

x j
:

Before we can go on to prove the fact that Conjecture 3.2.3 is invariant under
isogeny, we needto construct a commutativ e diagram involving the maps and  _ ,
as well as the long exact sequencein Theorem 4.2.7.

Lemma 5.2.7. Let A be an abelian variety de�ned over a number �eld K . For
each place v of K there exists an isomorphism A_ (K v) �= H 1(K v; A)_ (where X _ =
Hom(X ; Q=Z), except for A_ , which is the dual variety).

Proof. See[Mil86b] Corollary 3.4.

We constructed S such that S contains all placesof bad reduction for A and B
and all the places that divide the order of A[ ]. Therefore, [Mil86a], Lemma 6.1

implies that there exists an exact sequence1 ! A(K S)[ ] ! A(K S)
 
! B (K S) ! 1

(we will not prove this statement here, sinceit would be a too large departure from
the subsequent line of the argument). By taking GS-cohomology, we get an exact
sequence

1 ! A(K )[ ] ! A(K )
 
! B (K ) ! H 1(GS; A[ ]) ! H 1(GS; A)

 
! H 1(GS; B ):

Just as in the caseof the exact sequence2.2.1, we get the short exact sequence

1 ! coker  ! H 1(GS; A[ ]) ! H 1(GS; A)[ ] ! 1:

Writing the sameexact sequencefor the dual isogeny  _ : B _ ! A_ we get a short
exact sequence

1 ! coker  _ ! H 1(GS; B _ [ _ ]) ! H 1(GS; B )[ _ ] ! 1:

Similarly, for each v 2 S the short exact sequence1 ! A[ ] ! A ! B ! 1 yields a
short exact sequence

1 ! coker  v ! H 1(K v ; A[ ]) ! H 1(K v ; A)[ ] ! 1:

Putting theseexact sequencestogether, we get that there exists a natural com-
mutativ e diagram whosevertical morphisms are restriction maps

0 //coker  //

� resv

��

H 1(GS; A[ ]) //

f = � resv

��

H 1(GS; A)[ ] //

� resv

��

0

0 //� v2 S coker  v //� v2 SH 1(K v; A[ ]) //� v2 SH 1(K v ; A)[ ] //0

(5.2.1)
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Moreover, the 9-term long exact sequencein Theorem 4.2.7 implies the existenceof
an exact sequence

H 1(GS; A[ ])
f //� v2 SH 1(K v; A[ ])

g //H 1(GS; A[ ]� )_ :

Lemma 5.2.8. The diagrams

� v2 S coker  v //� v2 SH 1(K v; A[ ])

g
��

� v2 SH 1(K v; B _ )[ _ ] � v2 SH 1(K v ; A[ ]� )oo

H 1(GS; B _ )[ _ ]_ //H 1(GS; A[ ]� )_ H 1(GS; B _ )[ _ ]

� resv

OO

H 1(GS; A[ ]� )

f

OO

oo

are dual to each other with respect to Q=Z.

Proof. Recall that there exists an exact sequence

A(K v) ! B (K v) ! coker  v ! 1:

If we dualize with respect to Q=Z we get that 1 ! (coker  v)_ ! B (K v)_  _

� !
A(K v)_ ; by Lemma 5.2.7, this is the sameas

1 ! (coker  v)_ ! H 1(K v; B _ )_ � ! H 1(K v; A_ )_ :

Therefore, we get a map (coker  v)_ �=� ! H 1(K v ; B _ )[ _ ]_ . Moreover, by Theo-
rem 4.2.2 there exists an isomorphism � v2 SH 1(K v; A[ ]) �= � v2 SH 1(K v ; A[ ]� )_ .
Therefore, the groups in the two diagrams are pairwise dual with respect to Q=Z.

We still needto show that the mapsare alsodual. The lower horizontal mapsare
dual to each other by de�nition. By Theorem 4.2.7 the maps f and g are also dual
to each other. The upper horizontal maps are dual to each other by Proposition
2.2.30,sinceA[ ]� �= A_ [ _ ].

Lemma 5.2.9. There exists a commutative diagram

0 //coker  //

� = � resv

��

H 1(GS; A[ ]) //

f
��

H 1(GS; A)[ ] //

� = � resv

��

0

0 //� v2 S coker  v //

u
��

� v2 SH 1(K v; A[ ]) //

g
��

� v2 SH 1(K v ; A)[ ] //

v
��

0

0 //H 1(GS; B _ )[ _ ]_ //H 1(GS; A[� ]� )_ //(coker  _ )_ //0

Proof. The top part of the diagram is the commutativ e diagram 5.2.1. By Lemma
5.2.8, we can de�ne the vertical map u : � v2 S coker  v ! H 1(GS; B _ )[ _ ]_ to be
the Q=Z-dual of the map � resv : H 1(GS; B _ )[ _ ] ! � v2 S(coker  v)_ . Similarly,
we may de�ne a map v : � v2 SH 1(K v ; A)[ ] ! (coker  _ )_ that makesthe diagram
commute. Note that each column is a complex, and the central column is exact.
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Lemma 5.2.10. There exists a cohomology exact sequence

0 ! ker � ! ker f ! ker � ! keru=Im� ! 0:

Proof. In Remark 4.1.7 we described the long exact sequenceof cohomology of
cochain complexes.In Lemma 5.2.9, each column is a complex. Let c1; c2; c3 be the
complexesrepresenting the three columns. Then H 0(c1) = ker � , H 0(c2) = ker f ,
H 0(c3) = ker � , H 1(c1) = keru=Im� and H 1(c2) = kerg=Imf = 0 sincec2 is exact.
Then, the exact sequenceof the lemma is just the beginning of the cohomologylong
exact sequencein Remark 4.1.7.

Lemma 5.2.11. We havean equality

j ker  j
Q

v2 S j ker  v j
jH 2(GS; A[ ]� )j

j ker f j

Y

v2 M 1
K

jH 0(K v; A[ ])j

j bH 0(K v; A[ ])j
= 1:

Proof. The �rst six terms of the long exact sequenceof Theorem 4.2.7 are

0 //H 0(GS; A[ ]) //� v2 S bH 0(K v ; A[ ]) //H 2(GS; A[ ]� )_

rreeeeeeeeeeeeeeeeeeeeeeeeeeeeee

H 1(GS; A[ ])
f

//� v2 SH 1(K v ; A[ ]) //H 1(GS; A[ ]� )_

Theseinduce an exact sequence

0 //H 0(GS; A[ ]) //� v2 S bH 0(K v; A[ ]) //H 2(GS; A[ ]� )_ //ker f //0

Since,H 0(K ; A[ ]) = A(K )[ ] = ker  and H 0(K v; A[ ]) = A(K v)[ ] = ker  v and
the sequenceis exact, the relation follows.

The only objects that we still haven't described are  x and  _
x .

Lemma 5.2.12. There is an isomorphism

ker  x
�= ker

�
H 1(GS; A)[ ]

�
� ! � v2 SH 1(K v ; A)[ ]

�

Proof. See[Mil86b], Lemma 7.1.b.

Remark 5.2.13. From now on we will be implicitly using that if A1
f 1� ! A2

f 2� !

� � �
f k� ! Ak+1 is a complex, then

k+1Y

i =1

(� 1)i � 1jA i j =
k+1Y

i =1

(� 1)i � 1j ker f i =Imf i � 1j:
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Having determined the relationship between the various maps  ;  _ ;  v and
 _

v , we can now state and prove the fact that Conjecture 3.2.2 is invariant under
isogeny. The rest of the proof is abstract nonesense,using the commutativ e diagram
in Lemma 5.2.9.

Theorem 5.2.14. Let  : A ! B be an isogeny of abelian varieties de�ned over a
number �eld K . Suppose that L (A; s) has analytic continuation to a neighborhood
of 1 and suppose that X (A=K ) and X (B =K ) are �nite. If Conjecture 3.2.2 holds
for A, then it holds for B as well.

Proof. We have already chosen a �nite set of places S, invariant di�eren tials w
and  � w on B and A, and a set of convergencefactors � S. By Lemma 5.2.1, the
function L(B ; s) also has analytic continuation to a neighborhood of 1, since its
analytic behavior is the sameas that of L S(B ; s) = L S(A; s). Rather than working
with Conjecture 3.2.2 we will work with conjecture 3.2.3. If r is the rank of A and
B , by Lemma 5.2.5 we get that

L (r )
S (A; 1)=

R
A(AK ;S ) d� A; � w;� S

L (r )
S (B ; 1)=

R
B (AK ;S ) d� B ;w;� S

=
Y

v2 S

j coker  v j
j ker  v j

:

Moreover, by Lemmas5.2.3, 5.2.4 and 5.2.6

RA jX (A=K )j=(jA(K ) tors jjA_ (K )tors j)
RB jX (B =K )j=(jB (K ) tors jjB _ (K )tors j)

=
j ker  x j
j ker  _

x j
j coker  j
j ker  j

j ker  _ j
j coker  _ j

To show that the conjecture is invariant under isogeny it is enoughto show that

j ker  x j
j ker  _

x j
j coker  j
j ker  j

j ker  _ j
j coker  _ j

=
Y

v2 S

j coker  v j
j ker  v j

:

By Lemma 5.2.12we have ker  x = ker � and, similarly, ker  _
x = cokeru.

Therefore, it is enoughto show that

j ker � j
j cokeruj

j coker  j
Q

v2 S j coker  v j

Q
v2 S j ker  v j

j ker  j
j ker  _ j

j coker  _ j
= 1:

Moreover, the column c1 gives

j coker  j
Q

v2 S j coker  v j
jH 1(GS; B _ )[ _ ]_ j =

j ker � j
j keru=Im� j

j cokeruj:

Therefore, it is enoughto show that

j ker � j
j cokeruj

j ker � jj cokeruj
j keru=Im� jjH 1(GS; B _ )[ _ ]_ j

Q
v2 S j ker  v j

j ker  j
j ker  _ j

j coker  _ j
= 1:
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By Lemma 5.2.11it is enoughto show that

j ker � j
j cokeruj

j ker � jj cokeruj
j keru=Im� jjH 1(GS; B _ )[ _ ]_ j

jH 2(GS; A[ ]� )j
j ker f j

j ker  _ j
j coker  _ j

Y

v2 M 1
K

jH 0(K v ; A[ ])j

j bH 0(K v ; A[ ])j
= 1:

But the exact sequencein Lemma 5.2.10gives that

j ker � j
j ker f j

j ker � j
j keru=Im� j

= 1:

Therefore, it is enoughto show that

jH 2(GS; A[ ]� )j
jH 1(GS; B _ )[ _ ]_ j

j ker  _ j
j coker  _ j

Y

v2 M 1
K

jH 0(K v ; A[ ])j

j bH 0(K v ; A[ ])j
= 1:

By Proposition 2.2.30,we have

j ker  _ j = jA_ [ _ ]j = jA[ ]� j = jH 0(GS; A[ ]� )j:

Moreover, we can compute j coker  _ j from the lowest row in the commutativ e dia-
gram in Lemma 5.2.9. We get

j coker  _ j =
jH 1(GS; A[ ]� )j

jH 1(GS; B _ )[ _ ]_ j
:

Therefore it is enoughto show that

jH 2(GS; A[ ]� )jjH 0(GS; A[ ]� )j
jH 1(GS; A[ ]� )j

=
Y

v2 M 1
K

j bH 0(K v ; A[ ])j
jH 0(K v ; A[ ])j

;

which follows from Theorem 4.2.8 applied to M = A[ ]� .
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