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Wpan Mareesuu Bunorpanos came up with a very efficient way of estimating Weyl sums.
If f(x) = apx® + -+ + a1x + ag is a polynomial then the Weyl sum associated to it is

a+q
S(g)= Y e/ (1)
n=a-+1
for a € N.
Bunorpamos had the idea to view this Weyl sum as a function on the unit hypercube C =
[0, 1]%, where the k-dimensional variable is the vector of coefficients of f, i.e., a = (ay, ..., ax)

(note that the value of the sum only depends on the values of the coefficients mod 1). We
shall approximate the Weyl sum by the average on a small neighborhood of the coefficient
vector. Then we will patch the unit hypercube with such neighborhoods and we will get a
bound on S(q) using the average on C.

1 Average on the Unit Hypercube

Consider
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The integral is 1 if the exponent is 0 and 0 otherwise. Therefore we get that J(q,1) is the
number of solutions to the simultaneous (because of []) system

n1+...nl = m1+...+ml

nf4oonf = mb o my

(with a +1 < n;,m; < a+q).



Witty Observation 1 The number of solutions to the system in the hypercube [a+1, a+q]*
is the same as in the hypercube [1,q]"

Proof: Write n; = a + n,,m; = a + m] and expand using the binomial formula to get

the same system for n;, m;. n
Lemma 2 Let 1 < G < qgand 1l < u; < us < --- < u, < G so that no two u; are
consecutive. Prove that the number of k-tuples (mq,...,mg) so that m; € A; = (‘](“iT_l), 2]

with s; = m} + -+« +mk lying in a fized interval of length ¢! is at most My = (4/<:G)(§)
Proof: Consider two such k-tuples (mq,...,myg), (n1,...,nx). Let s, s; be the two sums
associated to them. Then |s; — s]| < ¢'~1. Also, let 07, 0 be the I-th symmetric polynomials

associated to the two k-tuple. From Newton’s formulae (s; — o1s;_1 + -+ + (—=1)j0; = 0)
one gets by induction that

loy — o]| < 3(2kG)" ' /4 2)
(use the obvious bound s; < k¢').
For x < q get
|(a:—m1) T (x—mz)—(x—nl) s (x—nl)\ < Z |Ul—al/|;1;l*i < ql*1+(3/4) Z((QkGy’flqlfi)
i>1 i>2

(3)

and since G < ¢ this is < ¢ (1 + %(25]);—:1%) < (2kq)1.
So |(ng —my) -+ (ng —my)| < (2kq)'™! and by construction n; —m; > q/G (if i # [; here
is where you use the condition on the u;) so we get m; —n; < (2kG)'1. So there are at most
1+ (2kG)! < (4kG)'=! values for my so in all at most M, k-tuples clearly. L

1—1/k

Witty Observation 3 Ifin this lemma, the s;’s lie in given intervals of length cq rather

than ¢'=', then the number of k-tuples is at most Ny = (2¢)*q*=V/2 M.

I-1/k 1-1/k

To see this, divide each interval of length cq into at most 2cq intervals of length
at most ¢!, Then apply the lemma for each k-tuple of such subintervals and add all the
numbers. ]

Lemma 4 We are in the context of the previous lemma with G = 2™ and |l > k. If S, =
>4, €™M then

I— / St - Sk 215 (@ F) PP dar < Coo e (g5, 1 — k). (@)
C

Proof: Open the parentheses in the definition of |S,,;|? and |S(¢*~1/*)|20=k); using the
same trick as in the first evaluation of J(g,1) we get that I is the number of solutions to
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where m;,n; € A; and m},n} € (a,a + ¢'~"/*]. The RHS takes 2(I — k)¢?"'~'/®) values
(using witty observation 1) and using witty observation 3 there are at most Ny (with ¢ =
2(1 — k), G = 2™) k-tuples (m;) for each (n;). Trivially there are at most (¢/2™)* (n;)’s so
there are at most Ny(q/2™)* pairs of k-tuples with that property.

Go back to the expression for I and open up the parentheses of |S,,; Bound each

exponential by 1 so I < J(¢"""/* 1 — k) times the number of k-tuples. Therefore we choose

>

k k
2 2

Conie = Nio(q/2m)F = 226 mt2(5)=mb (] _ pykgdh/2-1/21(3) (6)
|

Witty Observation 5 Using trivial bounds on |Sp| < 1+ |4 < 2V7"Mg, ifm = M =
| (logy q) /K| then the previous lemma holds whether or not the w;’s satisfy the conditions of
lemma 2.

Exercise 1 The set of integers {uy,...,w} C {1,...,G} is called good if there are k of
them which, when written in increasing order of indices, satisfy the conditions in lemma 2.
The number of not good sets is < B = [13!G*~1.

Hint: Write in increasing order (which accounts for I!). Look at pairwise differences, at
most h < k — 1 of which are > 1. Then h differences can be chosen in (121) ways and can
take < G values, while all the other differences can be 0 or 1. Sum up (varying the first

number too) and get q.e.d.

2 Inductive Estimate of the Average
Lemma 6 Forl > k(k+5)/4 and M defined in witty observation 5 we have
J(a,0) < Cqpd (a" %, 1~ k) (7)

Proof: If M > 2 take m < M (ie., 2™ < ¢/*). Let S(q) = .o, Sms Then
SYq) =" Smiy - Smy,- Among these terms there are G, < 2™ whose second indices form
a good set {iy,i,...,i}. Denote any of them by G,,.

Using ((1‘;—"})“’, =] = ((2;,;21”, %ﬁjﬁﬂu( (22?,;11)(1, gﬂ(f] divide each of the terms whose indices
are not good into terms of type Sy,11, -+ Smy1,,- Here, Grqpq < 2(m+Dl terms have good
indices, and denote any of them by G,,.1. Divide the terms with not good indices as above

and continue this process until reached M.

Get S(q) = Y0l 32 Ga- So

S < MY G G (8)

(n—1)1

G, is at most the number of bad sets among the G,_; < 2 . So by exercise 1 (with
G=2"1 G, < 11612(n=D(E=1) " The extra factor 2! comes from the fact that each Sp—1, 1s
divided into two parts.



Figure 1: Inductive Estimates

Now, if i1,...,4; are the indices that make the set of indices good then by Holder we
have

1 _
[Sness + Snal® < 777 D 18 70, 9)

Since ¢/2" > ¢'~/*, divide each S, ; into at most h = 21""¢'/* terms of type S(¢'~*/*) (each
Sm. has ¢/2" terms; here is where we use M > 2).
Again by Holder,

|Sni|2(l_k) < h2(l—k)—1 Z |S(q1—1/k)|2(l—k) (10)
SO
2 20=h)=1 2 l " 1-1/k\|12(1—k
Z|gn| Z|Sn11"'sn,ik| ZZ|S(Q_/ )l(_)~ (11)
k+1 1
From lemma 4,
2(1—k)—1
/Z Gol2da < o Gon( - k)Cosd (V1= k), (12)

because there are |G, |? terms in the sum of G,, and [ — k terms in the sum of i terms of form

|S(q1_1/k)|2(l_k).

Therefore .
J(q.) <M KRG, 1T (g R 1= k) (13)
Using the bounds on G,, < l'6l (n=Dk=1) and [ > k(k +5)/4 we can bound the part that has
the variable n in it: S0 2n(k(k+1)/2=20G2 < o(]1)262,

IfM<2(ie g< 22’“) d1v1de S(q) into four parts of equal length, use Holder’s inequality
and the fact that ¢/4 < ¢'~'/* to get the same answer, less the factor of M. So may take

(K = 482 (1121 k(2))
C:;,l,k — max(l, M)KqZ(lfk)/k+3k/271/2 (14>
[ ]
Now we can use this inductively to get the following result:
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Lemma 7 1. Ifr >0 is an integer and | > k(k + 4r + 1)/4 then
J(q,1) < K7g#~FD2=0r jogT ¢ (15)
where 6, = k(k +1)(1 —1/k)"/2.
2. If we take | = [k*log(k(k+ 1)) + k(k + 5)/4] + 1 then this becomes
J(q,l) < 664lklog2kqufk(k+1)/2+1/2 logzlq (16)

Proof: Inductively use the previous lemma to decrease r by 1 until » = 0 when the
lemma is obvious.

For the second part note that log K < 161logk (Stirling and the definition of ). Also
note that §, < 1/2 because [ < k3.

3 Estimates on Weyl Sums

Let (x) be the distance to the nearest integer to x € R.

Exercise 2 Let ¢ be a function so that 6 < ¢(n+1) —¢(n) < cd (0 < 4,1 <6 <1/2).
If T > 1 then the number of A <n < A+ B (A, B € N) so that (¢p(n)) < T is at most

(Bcd + 1)(2T + 1) (for proof refer to the van der Corput handout, or to the Appendiz).

Now we get to the main theorem of this paper, the estimate on the Weyl sums:

Theorem 8 Let k > 7,Q > 2 and f : R — R so that 1 < A < L5600 < 9) for
P+1<xz<P+Q) ANV <Q < \'. Prove that

P+Q

S st

n=P+1

< PHE R QP 0g Q (17)

where p = 1/(56k? log k).

Proof: Write S = 300, 20 T(n) = 3049 | 2rilfmem—1W) | Let e = 1/(6k? log k)
and ¢ = P”%J F1.

Then
m ' m P+Q—q+m ' m P+Q—q

)3 3L ED S SREEE IS SR SR DT
1 1 P+1+m 1 P+1

1/(21)
By Hélder’s inequality this is < ¢% + Q'~/(2) (Zij:l@_q |T(n)|2l> .



Taylor expand f(m+mn) — f(n) = S bym? + 2Xt¢**! with t € (0,1). Then for oy — b;| <
AT/ (2¢") we have

|627ri(f(m+n)—f(n)) _ 2 ajmj)’ < 27rk‘)\qk+1 = /2 (19)

(use [ — e®| < | — y])

So by Cauchy-Schwarz = |T'(n)|* < 2%|S(q)|* + s*. Since the choice of a;’s is ours,
we can take this inequality for the average on the domain D,, of the a;. The volume of the
domain is V,, = MegF*k+1)/2 So

T < 5 [ 186 da + (20)

The integral depends only on D,, mod Z* so let a, b two integers in (P+1, P+Q—q) so that
D, mod ZF and D, mod Z* intersect. Then (by(a) — bx(b)) < Aq. Put ¢(a) = by(a) — by (D).

Then ¢(n + 1) — ¢(n) = fEF(e)/k! so may apply exercise 2 with ¢ = 2,6 = A(k + 1).
(Ap(n) = AfR(n)/k!. T = 747 then there are at most 3kg (from exercise 2) numbers n
so that D,, can intersect D,. So each integral over D,, is covered at most 3kq times so

P+Q

Z/ ()| da < 3kq/ 15(¢q)|* da = 3kqJ(q,1) (21)

P+1

Choose [ as in lemma 7, second part. Use the bound on |S| previously found to get that
S| < e32k10e” k1= 1og ) (see Appendix). |

Observation 9 Note that if f in the theorem satisfies the inequalities only on an interval
(P+1,P+T) withT < Q, but \™Y/3 < Q < A\! then the conclusion still holds.

This needs explanation if N < A\~/4. If that happens, use a trivial bound on the Weyl sum
to get the same answer.

4 Note on the Vinogradov Method

So why is this called the Burorpanos method, rather than the Bunorpamos theorem?
Within the larger context of Bumorpamos’s work, the underlying principle of his method
of estimating exponential sums is the possibility to efficiently estimate sums of the form

Z eQwih(u,v) (22>

u,v

for sufficiently nice h,u,v.

In the presented estimate of Weyl sums, the method is applied in equation (18), where it
relates the value of the Weyl sum to the average on C. There the variables were u = m,v =n
and h(u,v) = f(m+n) — f(n).

Bunorpamos’s method has many applications of this sort. I list a few of them:
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1. Estimates of special Weyl sums, e.g., sums of the form

Z e2mif (p)

p<N

were p runs over the primes.

2. Estimating the smallest number r = r(n) so that any large enough N can be written
as N =o' +a5 + -+

These problems are covered in [Vinogradov 1958].

5 Applications

I end by giving a few applications:

Exercise 3 Using the same kinds of partial summation methods we used when we used van
der Corput estimates of the Weyl sum, prove that

C(1+it) = O((logtloglogt)1) (23)

Exercise 4 If0 < o < 1 then prove that

b

]_ 1 5
> = Ola! e eet ek T 1o (24)

a

Exercise 5 Use this to get a zero-free region for the ¢ function

o>1— ER— (25)
(logtloglogt)1
[Titchmarsh 1951]
Exercise 6 Use this to prove that
m(x) = li(x) + O(ze~ e (26)

1
2

3

Observation: In class we showed this for z

(Hint: § <2 <2)

instead of %. The best proven constant is
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Appendix

. Holder’s Inequality:
If a;, 0, > 0,p,q > 0,%—1— % =1 then

(Z af) P (Z af) q > ;az‘bz‘ (27)

1 1

. Hint to exercise 2. For areal x look at the number G of n so that 2+h < ¢(n) < x+h+4.
Since any h corresponds to at most one n (from the hypothesis). So G < hg — hy where
hi, he are the extremal values of h. Also ¢(A) < x + hy + d, 2 + hy < ¢(A + B) so
G < Bed + 1. Divide the domain of {¢(n)} into 2T + 1 parts of length < 4.

. Calculations for theorem 8. From the inequality ¢|S| < Z?i?_q IT(n)| + ¢* we get

that

|S| < q+ (2/q)Q1—1/(2l) (SkQ)\_kq_k(k+1)/2J(q, l) + (8/2)21Q) 1/(21) (28)
and by Cauchy-Schwarz this is equivalent to
[S] < g+ 4Q1 /) (3pgr g2 k2 btk k) " asg (29)

Now use g < 2Q%¢+D Q=% < \gFt1 < 2F1Q~¢. Then get
|S| < e32klog2kQ1—1/(2l)+3/((k:+1)l)+26k/l log Q + 87er1_4e + 2Q4/(k:+1) (30)

Since 1/2 — 3/(k + 1) — 2ek > 1/14 and | < 4k?log k we get the bound sought.



