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Ivan Mateeviq Vinogradov came up with a very efficient way of estimating Weyl sums.
If f(x) = akx

k + · · ·+ a1x+ a0 is a polynomial then the Weyl sum associated to it is

S(q) =

a+q∑

n=a+1

e2πif(n) (1)

for a ∈ N.
Vinogradov had the idea to view this Weyl sum as a function on the unit hypercube C =

[0, 1]k, where the k-dimensional variable is the vector of coefficients of f , i.e., α = (a1, . . . , ak)
(note that the value of the sum only depends on the values of the coefficients mod 1). We
shall approximate the Weyl sum by the average on a small neighborhood of the coefficient
vector. Then we will patch the unit hypercube with such neighborhoods and we will get a
bound on S(q) using the average on C.

1 Average on the Unit Hypercube

Consider

J(q, l) =

∫

C
|S(q)|2ldα =

∫

C
S(q)lS(q)

l
dα =

∫

C

∑

ni,mi

e2πi
P
i f(ni)−2πi

P
i f(mi)dα

=

∫

C

∑

ni,mi,j

e2πiaj(
P
i n
j
i−
P
im

j
i )dα =

∑

ni,mi

∏

j

∫ 1

0

e2πiaj(
P
i n
j
i−
P
im

j
i )daj

The integral is 1 if the exponent is 0 and 0 otherwise. Therefore we get that J(q, l) is the
number of solutions to the simultaneous (because of

∏
) system

n1 + · · ·nl = m1 + · · ·+ml

...

nk1 + · · ·nkl = mk
1 + · · ·+mk

l

(with a+ 1 ≤ ni,mi ≤ a+ q).
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Witty Observation 1 The number of solutions to the system in the hypercube [a+1, a+q]k

is the same as in the hypercube [1, q]k

Proof: Write ni = a + n′i,mi = a + m′i and expand using the binomial formula to get
the same system for n′i,m

′
i.

Lemma 2 Let 1 < G < q and 1 < u1 < u2 < · · · < uk ≤ G so that no two ui are
consecutive. Prove that the number of k-tuples (m1, . . . ,mk) so that mi ∈ Ai = ( q(ui−1)

G
, qui
G

]

with sl = ml
1 + · · ·+ml

k lying in a fixed interval of length ql−1 is at most Mk = (4kG)(
k
2).

Proof: Consider two such k-tuples (m1, . . . ,mk), (n1, . . . , nk). Let sl, s
′
l be the two sums

associated to them. Then |sl − s′l| < ql−1. Also, let σl, σ
′
l be the l-th symmetric polynomials

associated to the two k-tuple. From Newton’s formulae (sj − σ1sj−1 + · · · + (−1)jjσj = 0)
one gets by induction that

|σl − σ′l| < 3(2kG)l−1/4 (2)

(use the obvious bound sl ≤ kql).
For x < q get

|(x−m1) · · · (x−ml)−(x−n1) · · · (x−nl)| ≤
∑

i≥1

|σl−σ′l|xl−i ≤ ql−1 +(3/4)
∑

i≥2

((2kG)i−1ql−i)

(3)

and since G < q this is ≤ ql−1(1 + 3
4

(2k)l−2k
2k−1

) ≤ (2kq)l−1.

So |(nl −m1) · · · (nl −ml)| ≤ (2kq)l−1 and by construction nl −mi > q/G (if i 6= l; here
is where you use the condition on the ui) so we get ml−nl ≤ (2kG)l−1. So there are at most
1 + (2kG)l−1 < (4kG)l−1 values for ml so in all at most Mk k-tuples clearly.

Witty Observation 3 If in this lemma, the sl’s lie in given intervals of length cql−l/k rather
than ql−1, then the number of k-tuples is at most Nk = (2c)kq(k−1)/2Mk.

To see this, divide each interval of length cql−l/k into at most 2cq1−l/k intervals of length
at most ql−1. Then apply the lemma for each k-tuple of such subintervals and add all the
numbers.

Lemma 4 We are in the context of the previous lemma with G = 2m and l > k. If Sm,i =∑
Ai
e2πif(n) then

I =

∫

C
|Sm,1 · · ·Sm,k|2|S(q1−1/k)|2(l−k)dα ≤ Cm,l,kJ(q1−1/k, l − k). (4)

Proof: Open the parentheses in the definition of |Sm,i|2 and |S(q1−1/k)|2(l−k); using the
same trick as in the first evaluation of J(q, l) we get that I is the number of solutions to

k∑

1

mj
i −

k∑

1

nji =

l−k∑

1

m′ji −
l−k∑

1

n′ji (5)
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where mi, ni ∈ Ai and m′i, n
′
i ∈ (a, a + q1−1/k]. The RHS takes 2(l − k)qj(1−1/k) values

(using witty observation 1) and using witty observation 3 there are at most Nk (with c =
2(l − k), G = 2m) k-tuples (mi) for each (ni). Trivially there are at most (q/2m)k (ni)’s so
there are at most Nk(q/2

m)k pairs of k-tuples with that property.
Go back to the expression for I and open up the parentheses of |Sm,i|2. Bound each

exponential by 1 so I ≤ J(q1−1/k, l − k) times the number of k-tuples. Therefore we choose

Cm,l,k = Nk(q/2
m)k = 22k+(m+2)(k2)−mk(l − k)kq3k/2−1/2k(k2) (6)

Witty Observation 5 Using trivial bounds on |Sm,i| ≤ 1 + |Ai| ≤ 21−Mq, if m = M =
b(log2 q)/kc then the previous lemma holds whether or not the ui’s satisfy the conditions of
lemma 2.

Exercise 1 The set of integers {u1, . . . , ul} ⊂ {1, . . . , G} is called good if there are k of
them which, when written in increasing order of indices, satisfy the conditions in lemma 2.
The number of not good sets is ≤ B = l!3lGk−1.

Hint: Write in increasing order (which accounts for l!). Look at pairwise differences, at
most h < k − 1 of which are > 1. Then h differences can be chosen in

(
l−1
h

)
ways and can

take ≤ G values, while all the other differences can be 0 or 1. Sum up (varying the first
number too) and get q.e.d.

2 Inductive Estimate of the Average

Lemma 6 For l ≥ k(k + 5)/4 and M defined in witty observation 5 we have

J(q, l) ≤ C ′q,l,kJ(q1−1/k, l − k) (7)

Proof: If M ≥ 2 take m < M (i.e., 2m+1 ≤ q1/k). Let S(q) =
∑2m

i=1 Sm,i. Then
Sl(q) =

∑
Sm,i1 · · ·Sm,il. Among these terms there are Gm ≤ 2ml whose second indices form

a good set {i1, i2, . . . , ik}. Denote any of them by Gm.

Using ( (u−1)q
2m

, uq
2m

] = ( (2u−2)q
2m+1 , (2u−1)q

2m+1 ]∪( (2u−1)q
2m+1 , (2u)q

2m+1 ] divide each of the terms whose indices
are not good into terms of type Sm+1,j1 · · ·Sm+1,jl . Here, Gm+1 ≤ 2(m+1)l terms have good
indices, and denote any of them by Gm+1. Divide the terms with not good indices as above
and continue this process until reached M .

Get Sl(q) =
∑M

n=m

∑Gn. So

|S(q)|2l ≤M
∑

Gn

∑
|Gn|2. (8)

Gn is at most the number of bad sets among the Gn−1 ≤ 2(n−1)l. So by exercise 1 (with
G = 2n−1), Gn ≤ l!6l2(n−1)(k−1). The extra factor 2l comes from the fact that each Sn−1,i is
divided into two parts.
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Figure 1: Inductive Estimates

Now, if i1, . . . , ik are the indices that make the set of indices good then by Hölder we
have

|Sn,ik+1
· · ·Sn,il|2 ≤

1

l − k
∑
|Sn,ij |2(l−k). (9)

Since q/2n > q1−1/k, divide each Sn,i into at most h = 21−nq1/k terms of type S(q1−1/k) (each
Sm,i has q/2n terms; here is where we use M ≥ 2).

Again by Hölder,

|Sn,i|2(l−k) ≤ h2(l−k)−1
∑
|S(q1−1/k)|2(l−k) (10)

so
∑
|Gn|2 ≤

h2(l−k)−1

l − k
∑
|Sn,i1 · · ·Sn,ik |2

l∑

k+1

h∑

1

|S(q1−1/k)|2(l−k). (11)

From lemma 4,
∫

C

∑
|Gn|2dα ≤

h2(l−k)−1

l − k Gnh(l − k)Cn,l,kJ(q1−1/k, l − k), (12)

because there are |Gn|2 terms in the sum of Gn and l−k terms in the sum of h terms of form
|S(q1−1/k)|2(l−k).

Therefore

J(q, l) ≤M
M∑

n=m

h2(l−k)G2
nCm,l,kJ(q1−1/k, l − k) (13)

Using the bounds on Gn ≤ l!6l2(n−1)(k−1) and l ≥ k(k+ 5)/4 we can bound the part that has
the variable n in it:

∑N
n=m 2n(k(k+1)/2−2l)G2

n ≤ 2(l!)262l.
If M < 2 (i.e. q < 22k) divide S(q) into four parts of equal length, use Hölder’s inequality

and the fact that q/4 ≤ q1−1/k to get the same answer, less the factor of M . So may take

(K = 482l(l!)2lkk(k2))
C ′q,l,k = max(1,M)Kq2(l−k)/k+3k/2−1/2 (14)

Now we can use this inductively to get the following result:
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Lemma 7 1. If r ≥ 0 is an integer and l ≥ k(k + 4r + 1)/4 then

J(q, l) ≤ Krq2l−k(k+1)/2−δr logr q (15)

where δr = k(k + 1)(1− 1/k)r/2.

2. If we take l = bk2 log(k(k + 1)) + k(k + 5)/4c+ 1 then this becomes

J(q, l) ≤ e64lk log2 kq2l−k(k+1)/2+1/2 log2l q (16)

Proof: Inductively use the previous lemma to decrease r by 1 until r = 0 when the
lemma is obvious.

For the second part note that logK ≤ 16l log k (Stirling and the definition of l). Also
note that δr ≤ 1/2 because l < k3.

3 Estimates on Weyl Sums

Let 〈x〉 be the distance to the nearest integer to x ∈ R.

Exercise 2 Let φ be a function so that δ ≤ φ(n + 1) − φ(n) ≤ cδ (0 < δ, 1 ≤ c, cδ ≤ 1/2).
If T ≥ 1 then the number of A ≤ n ≤ A + B (A,B ∈ N) so that 〈φ(n)〉 ≤ Tδ is at most
(Bcδ + 1)(2T + 1) (for proof refer to the van der Corput handout, or to the Appendix).

Now we get to the main theorem of this paper, the estimate on the Weyl sums:

Theorem 8 Let k ≥ 7, Q ≥ 2 and f : R −→ R so that 1 < λ ≤ f (k+1)(x)
(k+1)!

≤ 2λ for

P + 1 ≤ x ≤ P +Q), λ−1/4 < Q < λ−1. Prove that

∣∣∣∣∣

P+Q∑

n=P+1

e2πif(n)

∣∣∣∣∣� e32k log2 kQ1−ρ logQ (17)

where ρ = 1/(56k2 log k).

Proof: Write S =
∑P+Q

n=P+1 e
2πif(n), T (n) =

∑P+Q
m=P+1 e

2πi(f(m+n)−f(n)). Let e = 1/(6k2 log k)

and q =
⌊
λ−

1−e
k+1

⌋
+ 1.

Then

q|S| =
∣∣∣∣∣
m∑

1

∑
e2πif(n)

∣∣∣∣∣ ≤
∣∣∣∣∣
m∑

1

P+Q−q+m∑

P+1+m

e2πif(n)

∣∣∣∣∣+
m∑

1

q ≤
P+Q−q∑

P+1

|T (n)|+ q2. (18)

By Hölder’s inequality this is ≤ q2 +Q1−1/(2l)
(∑P+Q−q

P+1 |T (n)|2l
)1/(2l)

.
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Taylor expand f(m+n)− f(n) =
∑k

1 bim
i + 2λtqk+1 with t ∈ (0, 1). Then for |αi− bi| ≤

λqk+1/(2qi) we have

|e2πi(f(m+n)−f(n)) − e2πi(
P
j αjm

j)| ≤ 2πkλqk+1 = s/2 (19)

(use |eix − eiy| ≤ |x− y|)
So by Cauchy-Schwarz =⇒ |T (n)|2l ≤ 22l|S(q)|2l + s2l. Since the choice of αi’s is ours,

we can take this inequality for the average on the domain Dn of the αi. The volume of the
domain is Vn = λkqk(k+1)/2. So

|T (n)|2l ≤ 22l

Vn

∫

Dn
|S(q)|2ldα + s2l (20)

The integral depends only onDn mod Zk so let a, b two integers in (P+1, P+Q−q) so that
Da mod Zk and Db mod Zk intersect. Then 〈bk(a)− bk(b)〉 ≤ λq. Put φ(a) = bk(a)− bk(b).

Then φ(n + 1) − φ(n) = f (k+1)(ε)/k! so may apply exercise 2 with c = 2, δ = λ(k + 1).
(∆φ(n) = ∆f (k)(n)/k!). If T = q

k+1
then there are at most 3kq (from exercise 2) numbers n

so that Dn can intersect Db. So each integral over Dn is covered at most 3kq times so

P+Q∑

P+1

∫

Dn
|S(q)|2ldα ≤ 3kq

∫

C
|S(q)|2ldα = 3kqJ(q, l) (21)

Choose l as in lemma 7, second part. Use the bound on |S| previously found to get that
|S| � e32k log2 kQ1−ρ logQ (see Appendix).

Observation 9 Note that if f in the theorem satisfies the inequalities only on an interval
(P + 1, P + T ) with T < Q, but λ−1/3 < Q < λ−1 then the conclusion still holds.

This needs explanation if N < λ−1/4. If that happens, use a trivial bound on the Weyl sum
to get the same answer.

4 Note on the Vinogradov Method

So why is this called the Vinogradov method, rather than the Vinogradov theorem?
Within the larger context of Vinogradov’s work, the underlying principle of his method

of estimating exponential sums is the possibility to efficiently estimate sums of the form

∑

u,v

e2πih(u,v) (22)

for sufficiently nice h, u, v.
In the presented estimate of Weyl sums, the method is applied in equation (18), where it

relates the value of the Weyl sum to the average on C. There the variables were u = m, v = n
and h(u, v) = f(m+ n)− f(n).

Vinogradov’s method has many applications of this sort. I list a few of them:
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1. Estimates of special Weyl sums, e.g., sums of the form
∑

p≤N
e2πif(p)

were p runs over the primes.

2. Estimating the smallest number r = r(n) so that any large enough N can be written
as N = xn1 + xn2 + · · ·+ xnr .

These problems are covered in [Vinogradov 1958].

5 Applications

I end by giving a few applications:

Exercise 3 Using the same kinds of partial summation methods we used when we used van
der Corput estimates of the Weyl sum, prove that

ζ(1 + it) = O((log t log log t)
3
4 ) (23)

Exercise 4 If 0 < σ < 1 then prove that

b∑

a

1

nσ+it
= O(a1−σe−c log

1
4 t(log log t)

5
4 log t) (24)

Exercise 5 Use this to get a zero-free region for the ζ function

σ ≥ 1− c

(log t log log t)
3
4

. (25)

[Titchmarsh 1951]

Exercise 6 Use this to prove that

π(x) = li(x) +O(xe−c(log x)4/7

) (26)

Observation: In class we showed this for 1
2

instead of 4
7
. The best proven constant is 3

5
.

(Hint: 1
2
< 4

7
< 3

5
.)
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6 Appendix

1. Hölder’s Inequality:

If ai, bi ≥ 0, p, q > 0, 1
p

+ 1
q

= 1 then

(
n∑

1

api

) 1
p
(

n∑

1

aqi

) 1
q

≥
n∑

1

aibi (27)

2. Hint to exercise 2. For a real x look at the numberG of n so that x+h < φ(n) ≤ x+h+δ.
Since any h corresponds to at most one n (from the hypothesis). So G ≤ h2−h1 where
h1, h2 are the extremal values of h. Also φ(A) ≤ x + h1 + δ, x + h2 < φ(A + B) so
G ≤ Bcδ + 1. Divide the domain of {φ(n)} into 2T + 1 parts of length < δ.

3. Calculations for theorem 8. From the inequality q|S| ≤ ∑P+Q−q
P+1 |T (n)| + q2 we get

that
|S| ≤ q + (2/q)Q1−1/(2l)

(
3kqλ−kq−k(k+1)/2J(q, l) + (s/2)2lQ

)1/(2l)
(28)

and by Cauchy-Schwarz this is equivalent to

|S| ≤ q + 4Q1−1/(2l)
(

3kqλ−kq3/2−k(k+1)/2e64lk log2 k
)1/(2l)

+ 2sQ (29)

Now use q ≤ 2Q4/(k+1), Q−4e ≤ λqk+1 ≤ 2k+1Q−e. Then get

|S| � e32k log2 kQ1−1/(2l)+3/((k+1)l)+2ek/l logQ+ 8πkQ1−4e + 2Q4/(k+1) (30)

Since 1/2− 3/(k + 1)− 2ek ≥ 1/14 and l < 4k2 log k we get the bound sought.
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