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Abstract

For elliptic curves of rank 0 or 1, the theorem of Gross and Zagier relates the
derivative at 1 of the L function associated with the elliptic curve to the canonical
height of a Heegner point of the curve. We can construct a system of generalized
Heegner points on the modular curve that correspond to pairs of elliptic curves with
complex multiplication by the same order of a quadratic imaginary number field. This
collection of Heegner points in fact forms an Euler system and can be used certain
cohomology classes that are used to bound the order of the Selmer group. This, in
turn, is the key to determining the Mordell-Weil rank of a curve with analytic rank 1. In
the first part of the paper, we present a brief survey of global class field theory, complex
multiplication, and modular curves. The second part of the paper is an exposition of
Gross’s paper that treats Kolyvagin’s work on the rank-one Birch Swinnerton-Dyer
conjecture. This article follows closely [Gro91].
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1 Introduction

1.1 Statement of the Main Problem

Let E be an elliptic curve of conductor N defined over Q. Let K = Q(
√
−D be an imaginary

quadratic field where all the prime factors of N split. For simplicity we will also assume that
D 6= 3, 4, so O∗K = {±1}.The Birch Swinnerton-Dyer Conjecture predicts that the order of
vanishing of the L-function of E at s = 1 (the “analytic rank”) is equal to the rank of its
Mordell-Weil group. Kolyvagin has proven part of the rank 1 case, starting with the limit
formula of Gross-Zagier: letting yK be the Heegner point (to be defined later),

L′(E/K, 1) =

∫
E(C)

ω ∧ iω
√
D

· ĥ(yK).
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Here ĥ represents the canonical height on the elliptic curve, which is known to vanish precisely
on the torsion points of E. In particular, L′(E/K, 1) 6= 0 if and only if yK has infinite order.
Our main result will be

Theorem 1 Assume that yK has infinite order in E(K). Then E(K) has rank 1.

More precisely, we will prove the following

Theorem 2 Let E be an elliptic curve defined over Q that does not have complex multipli-
cation over C. Let p be an odd prime such that the extension Q(E[p])/Q has Galois group
GL2(Z/pZ), and assume that p does not divide yK in E(K). Then

1. E(K) has rank 1.

2. X(E/K)[p] = 0.

Serre has shown that G(Q(E[p])/Q) ∼= GL2(Z/pZ) for all but finitely many primes p, and
we are able to derive our result with the use of any one of these primes. The condition that
E/C not have complex multiplication is a hypothesis of Serre’s result, and it only excludes
thirteen j-invariants (isomorphism classes) of elliptic curves. Note that our hypothesis also
implies that E(K) contains no p-torsion. 1

1.2 Primer on Elliptic Curves

On an elliptic curve E over a number field K we have the multiplication by p isogeny, which
is surjective when the curve is considered over an algebraic closure K̄ of K. For any group G

let G[p] denote the kernel of multiplication by p, G
[p] // G . Then we have the short exact

sequence
0→ E[p]→ E → E → 0.

Taking G(K̄/K)-cohomology and extracting the relevant short-exact sequence, we find

0 // E(K)/pE(K) δ // H1(G(K̄/K), E[p]) // H1(G(K̄/K), E)[p] // 0

is exact, where δ denotes the boundary map in the long-exact sequence on Galois cohomol-
ogy. For each place v of K, we fix an extension of v to K̄, i.e. an embedding K̄ → K̄v, and
by restriction we obtain the corresponding inclusion G(K̄v/Kv) ⊂ G(K̄/K). Repeating the
construction of the above short-exact sequence, and taking the natural maps on cohomology,
we obtain the commutative diagram

1The skeptical reader can just– by the Mordell-Weil Theorem– throw out the finitely many primes p for
which E(K) has p-torsion.
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0 // E(K)/pE(K)
δ //

��

H1(G(K̄/K), E[p]) //

��

H1(G(K̄/K), E)[p] //

��

0

0 //
∏
v∈MK

E(Kv)/pE(Kv) //
∏
v∈MK

H1(G(K̄v/Kv), E[p]) //
∏
v∈MK

H1(G(K̄v/Kv), E)[p] // 0

We can now define the p-Selmer group and the Shafarevich-Tate group.

Definition 3 The p-Selmer group of E/K is

Sel(E/K)p = ker{H1(G(K̄/K), E[p])→
∏

v∈MK

H1(G(K̄v/Kv), E)}.

The Shafarevich-Tate group of E/K is

X(E/K) = ker{H1(G(K̄/K), E)→
∏

v∈MK

H1(G(K̄v/Kv), E)}.

From the above commutative diagram and the definitions of Sel(E/K)p and X(E/K), we
obtain the crucial short-exact sequence

Proposition 4

0→ E(K)/pE(K)
δ→ Sel(E/K)p →X(E/K)[p]→ 0 (1)

It is known that Sel(E/K)p is finite [Sil99], and in particular we see that X(E/K)[p] is
finite.

We will use the existence of a distinguished point of infinite order on an elliptic curve E/K
with L′(E/K, 1) 6= 0 to show that E/K has rank one. Under the hypotheses of Theorem 2,
we will show that Sel(E/K)p is one-dimensional over Z/pZ, which, since E(K) contains no
p-torsion, will imply that E(K) has rank 1: the above exact sequence of Z/pZ-vector spaces
implies that

rkZE(K) = rkZ/pZE(K)/pE(K) ≤ 1,

and since E(K) contains a point of infinite order, we conclude that it’s rank is exactly one.
Thus, the short-exact sequence implies that X(E/K)[p] = 0 for almost all p. Unfortunately,
this is not enough to deduce Kolyvagin’s result that X(E/K) is finite (even though we know
that X(E/K)[p] is finite for all p because Sel(E/K)p surjects onto it). In any case, the bulk
of this paper will be devoted to bounding the p-Selmer group.
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2 The Modular Curve

2.1 Moduli Space

For a positive integer N we may define the group Γ0(N) ⊂ SL2(Z) as

Γ0 =

{(
a b
c d

)
|c ≡ 0 (mod N)

}
.

There is a natural action of this group on h = {z ∈ C|Imz > 0}.

Definition 5 Y0(N) = Γ0(N) \ h is the modular curve. This space has a natural structure
as a Riemann surface. The projective closure is X0(N) = Γ0(N) \ (PQ ∪ h). The points
Γ0(N) \ PQ are called cusps.

An important characterization of the modular curve comes from the uniformization the-
orem ([Sil99]):

For τ ∈ h, there is an elliptic curve E so that E(C) ∼= C/Z + τZ, and conversely any
E/C arises from a lattice Λ via a complex analytic isomorphism C/Λ ∼= E(C).

Theorem 6 X0(N) has the structure of a moduli space for pairs (E,C), where E is an
elliptic curve and C is a cyclic subgroup of order N of E.

Proof: See [Kna92].

2.2 Operators on the Modular Space

Let N be a positive integer and p a prime that does not divide N . Consider the following
diagram:

X0(Np)
i1

yyssssssssss
i2

%%KKKKKKKKKK

X0(N) // X0(N)

where i1(E,C) = (E/D, (C +D)/D) for D the unique subgroup of order p, and i2(E,C) =
(E,C/D). Define Tp : Div(X0(N)) −→ Div(X0(N)) by setting Tp(E,C) to be the sum
of (E/D, (C + D)/D) where D runs through all p + 1 subgroups of order p of E[p] ∼=
Z/pZ× Z/pZ.

On the level of the modular curve, this action can be made explicit. Tp(τ) is the set
{ τ+i

p
|i = 0, . . . p − 1} ∪ {pτ}. Via the uniformization theorem, we get a characterization of

Tp on the level of lattices in C. For a lattice Λ, TpΛ is the set of all sublattices of index p.

Definition 7 The correspondence Tp on lattices is the p-th Hecke operator. Under the rela-
tions:
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1. RaTm = TmRa (where RaΛ = aΛ).

2. TmTn = Tmn, for (m,n) = 1.

3. Tpr+1 = TpTpr − pRpTpr−1.

the Hecke operators form a commutative algebra, called the Hecke algebra.

For N a positive integer which is not a prime we may write N = mn for (m,n) = 1.
Let (E,C) be a point on X0(N). There exists a unique decomposition C = Cm + Cn, with
Cm cyclic of order m and Cn cyclic of order n. Since E[m] ∼= Z/mZ × Z/mZ we may
define wm(E,C) to be (E/Cm, (E[m] + Cn)/Cm) since E[m]/Cm is cyclic of order m and
Cm ∩ Cn = 1.

Definition 8 The operator wm is the Atkin-Lehner involution.

Proof: We need that w2
m = 1. To see this note that w2

m(E,C) = wm(E/Cm, (E[m] +
Cn)/Cm) = (E/E[m], ((E/Cm)[m] + Cn)/E[m]). The result follows since [m] : E/E[m] −→
E is an isomorphism.

On the level of the modular curve, the Atkin-Lehner involution is given by τ 7→ − 1
mτ

.

Definition 9 The Frobenius operator for p coprime with N is an operator Frobp : X0(N) −→
X0(N) so that Frobp(E,C) = (E(p), Cp).

The following theorem due to Eichler and Shimura relates the Hecke operator and the
Frobenius.

Theorem 10 For p coprime to N we have Tp = Frobp + pFrob−1
p , as correspondences on

X0(N).

3 Heegner Points

3.1 Class Field Theory

Let K = Q(
√
−D) be a quadratic imaginary number field and O be an order in K, i.e., a

subring of OK = Z[wD] so that O ⊗ Q = K. In this case there is an integer c called the
conductor of O so that O = Z⊕ ZcwD. The conductor determines the order uniquely.

Theorem 11 Let AK,f be the set of finite adeles. There exists an abelian extension Kc

(called the ring class field of conductor c) of K which is unramified outside of the prime
factors of the conductor c. The Artin map defines an isomorphism

Pic(O) = A×K,f/K
×
∏
Op

∼=−→ G(Kc/K).
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3.2 Complex Multiplication

This exposition follows [Sil94]. The set E(O) is the set of elliptic curves that have the
property that End(E) ∼= O, modulo isomorphism.

Proposition 12 Pic(O) acts on E(O) simply transitively via α∗E = C/α−1Λ for E = C/Λ.

Proposition 13 G(K̄/K) acts on E(O) via a map η : G(K̄/K) −→ Pic(O) (that takes the
Frobenius element of p to the class of p) so that Eσ = η(σ) ∗ E. Moreover, Hc is the fixed
field of the kernel of η.

This proposition is extremely important for the construction of Heegner points since it
shows that the j-invariants of the curves in E(O) are in Kc which shows that the elliptic
curves are defined over Kc. In particular, we have the proposition:

Proposition 14 If τ ∈ h∩K is quadratic over Q and c is the conductor of the order defined
by τ , then j(τ) ∈ Kc. Moreover, for σ ∈ Pic(O) we have that j(σ ∗ τ) = rec(σ)−1j(τ).

3.3 Construction of Heegner Points

We follow [Dar04, Gro84, Ghi]. Let E be an elliptic curve of conductor N . Wiles’ theorem
implies the existence of a parametrization defined over Q Φ : X0(N) −→ E(C).

Define ON
τ =

{
γ =

(
a b
c d

)
|c = 0 (mod N), γτ = τ

}
∪
{(

0 0
0 0

)}
.

Write CM(O) to be the set of τ ∈ h∩K so that ON
τ = O. Note that entire Γ0(N) orbits

are included in CM(O). We have the following proposition:

Proposition 15 Let τ ∈ CM(O) and let c be the conductor of O. Then Φ(τ) ∈ E(Kc),
where Kc is the ring class field. Shimura’s reciprocity law states that

Φ(σ ∗ τ) = rec(σ)−1Φ(τ),

for all σ ∈ Pic(O).

Definition 16 Let On be the order of conductor n, for n square-free. A Heegner point is a
point Φ(τ) ∈ E(Kn) for τ ∈ CM(On).

The following proposition settles the existence of Heegner points:

Proposition 17 CM(On) is nonempty if and only if all the prime factors of N split in K.

Equivalently, and more intuitively, a Heegner point on X0(N) is a pair of elliptic curves
with one mapped to the other by a cyclic N -isogeny. On the level of lattices, this is made
explicit by (C/On,C/(N ∩On)−1), where N is chosen so that OK/N ∼= Z/NZ. For example,
if a is any fractional ideal of K, C/a has complex multiplication by OK .

We require the following hypothesis for the construction of Heegner points:
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For the p defined in the first section and for any prime factor l of n, l does not divide
NDp. Moreover, we require that the Frobenius elements associated to l in G(K(E[p])/Q) be
in the same conjugacy class as complex conjugation. By the Chebotarev density theorem,
there are infinitely many primes l with this property. A corollary is that Frobl is complex
conjugation even in G(K/Q). Therefore, l is inert in K.

Remark 18 Since the j-invariant of an elliptic curve determines the curve up to isomor-
phism, a Heegner point is characterized by a pair (j(En), j(E ′n)). This induces a very explicit
action of the Hecke operators as Tl(j(En, E

′
n)) =

∑l
i=0(j(En/Si), j(E

′
n/ψ(Si))) on the level

of Div(X0(N)), where ψ is the isogeny and Si range through the l + 1 subgroups of order l.

4 Euler Systems

4.1 Operators on Heegner Points

4.1.1 The Operator Dn

We follow [Pop]. For l a prime as above, let al = TrFrobl. Since Frobl = τ complex
conjugation, it means that their respective characteristic polynomials are equal. Therefore
x2 − apx+ l = x2 − 1, all these (mod p) of course. Therefore al ≡ l + 1 ≡ 0 (mod p).

Since l is inert in K, it has a unique prime factor λ in K. Let Fλ = OK/λOK . Since
τ ∈ Frobl it means that for any prime q of L lying above l we have τ̃ = Frobl, acting on
Ẽ(Fλ), where τ̃ is the reduction mod q of τ . Let Ẽ(Fλ)± be the ± eigenspaces of τ̃ = Frobl.
Then we have

|Ē(Fλ)+| = |{P ∈ Ē(Fλ)|P σl = P}| = |Ẽ(Fl)| = l + 1− al.

|Ē(Fλ)−| = |{P ∈ Ē(Fλ)|P σl+1 = 0}| = | ker(1 + σl)|
= det(1 + σl) = det(1 + σl) = 1 + al + l (mod p).

Therefore, p divides the orders of both eigenspaces. Since the reduction map E[p] −→
Ẽ(Fλ) is injective, and the eigenspaces are nonzero, this implies that Ē(Fλ)± ∼= Z/pZ.

Since n is square-free, let n =
∏
l. Let Gn = G(Kn/K1). Then we have Gn =

∏
Gl,

where Gl = G(Kn/Kn/l). This follows from the identifications Gn = (OK/nOK)×/(Z/nZ)×,
etc, and the Chinese remainder theorem.

Let Frobl generate Gl
∼= Fλ/Fl. Since this is cyclic of order l + 1, the augmentation

ideal of Z[Gl] is principal and generated by σl − 1. Therefore we may define Dl = (l + 1 −∑
Gl

]σ)/(σl − 1), which is well-defined up to TrlZ, where Trl =
∑
σ.

4.2 The Euler System

Definition 19 We follow [Cla]. We call a collection of points {yn} an Euler system if they
satisfy the following two conditions:
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1. Trlyn = alyn/l in E(Kn/l).

2. Each prime λn lying above l in Kn divides a unique λn/l in Kn/l and yn = Frob(λn/l)(yn/l)
(mod λn).

In order to prove statements about Heegner points we generally look on the level of the
modular curve and then use Φ. Let n = ml.

Proposition 20 Trlxn = Tlxm ∈ Div(X0(N)).

Proof: Recall the map η so that Eσ = η(σ) ∗ E. Write xn = (j(En), j(E ′n)). Then we
have that the first coordinate of Trl(xn) is

∑

Gl

j(Eσ
n) =

∑
j(C/η−1(σ)).

Also, we have seen how the Hecke operators act on Heegner points. We have that
Tl(j(En), j(E ′n)) =

∑
Si

(j(En/Si), j(E
′
n/ψ(Si))). Note that [Om : η(σ)−1] = [η(σ)Om :

Om] = n
m

= l because η(σ)Om is an invertible ideal in On. Therefore, on the level of
divisors, the first coordinates of Trlxn is the same as the first coordinate of Tlxm. The second
coordinates are equal by symmetry since Heegner points are pairs of isogenous elliptic curves.

Proposition 21 For any point x ∈ Div(X0(N)) and for any prime l we have that Φ(Tlx) =
alΦ(x).

Proof: If f is an eigenform for all the Hecke operators, then Tlf = alf . By the Eichler-
Shimura construction (for example, pull back the Neron differential on E to get such an
eigenform differential on X0(N) and then project back) this implies that on E, Tl acts as
multiplication by al. The result follows.

Proposition 22 The Heegner points previously defined form an Euler system.

Proof:

1. From the previous propositions we get that Tl(xm) = Trlxn and that Φ(Tlxm) =
alΦ(xm) = alym. Since Φ is defined overQ and Trl fixesQ we have that Trl(yn) = alym.

2. By class field theory we get that λ splits completely in Km but λm (factors of λ in Km)
are totally ramified in Kn (the l-ray class field is totally ramified over the Hilber class
field). Therefore λm = λl+1

n and from here we get that Fλm = Fλ (since they both have
the same cardinality).

Using a previous proposition we get that Trlxn = Tlxm. But Trlxn =
∑
σxn. When

interpreted mod λn, we are working in Fλ. Here each σ which is a power of σl acts as
x 7→ xl

s
= x (mod λn). Therefore Trlxn = (l + 1)xn (mod λn).

By the Eichler-Shimura relation we have that Tl = Frobl + lFrob−1
l . In Fλ/Fl (which

is a quadratic extension), Frobl acts as conjugation, and therefore it is an involution.
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So Eichler-Shimura implies that Tl = (l + 1)Frobl. Therefore the result would follow
if we prove that Frobλm = Frobl (mod λn) since we may cancel the l + 1 factor
and then project via Φ. But this follows from the relation λm = λl+1

n , i.e., from total
ramification.

4.2.1 Action on Heegner Points

Let xn be the Heegner points on the modular curve as previously defined, and let yn = Φ(xn).
Set Dn =

∏
Dl ∈ Z[Gn]. Note that Dnyn ∈ E(Kn).

Proposition 23 Gn fixes Gnyn in E(Kn)/pE(Kn).

Proof: Since the σl generate Dn it is enough to show that σl fixes it. Let n = lm.
Then (σl − 1)Dn = (σl − 1)DlDm = (l + 1 − Trl)Dm. Therefore we need to show that

0 = (l + 1)Dmyn −Dm(Trlyn).
But p|l + 1 and since we are working mod p it is enough to show that Trlyn ∈ pE(Kn).

But this follows from the previous proposition.

5 Kolyvagin’s Theorem

5.1 Construction of the Cohomology Classes

We follow [?]. We now begin the construction of the cohomology classes which Kolyvagin uses
to bound the order of Sel(E/K)p. Letting n =

∏
l as before, we also let Gn = G(Kn/K1)

and gn = G(Kn/K). Let S be a system of coset representatives for Gn ⊂ gn, and define

Pn =
∑

σ∈S
σ(Dnyn) ∈ E(Kn)

We have shown that the class [Dnyn] ∈ E(Kn)/pE(Kn) is fixed by Gn, so the class [Pn] is
as well. Consequently, [Pn] is also independent of the choice of representatives S of gn/Gn.
For any m|n, we can similarly define Pm =

∑
σ∈S σ(Dmym), so in particular

P1 =
∑

σ∈S
σy1 = TrK1/Ky1 = yK .

Our familiar exact sequence 0 // E[p] // E
[p] // E // 0 gives the commutative dia-

gram
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Proposition 24

0

��
H1(G(Kn/K), E)[p]

Inf
��

0 // E(K)/pE(K) δ //

��

H1(G(K̄/K), E[p]) //

Res ∼=
��

H1(G(K̄/K), E)[p] //

Res
��

0

0 // (E(Kn)/pE(Kn))gn δn // H1(G(K̄/Kn), E[p])gn // (H1(G(Kn/K), E)[p])gn

Proof: The two rows are exact by taking Galois cohomology (with respect to G(K̄/K)
and G(K̄/Kn)), although in the bottom row surjectivity is lost when we take gn-invariants.
The maps in the middle and right-hand columns come from the inflation-restriction exact
sequence: for a normal, closed subgroup H of a group G acting on the G-module A, there is
an exact sequence

0 // H1(G/H,AH)
Inf // H1(G,A)

Res// H1(H,A)G/H
Tg // H2(G/H,AH)

Inf // H2(G,A) .

[Tg is the transgression homomorphism; see [NSW00]] The middle column is an isomorphism
because the following lemma implies that H i(Kn/K,E(Kn)[p]) = 0 for all i.

Lemma 25 E has no p-torsion over Kn.

Proof: E[p] ∼= Z/pZ× Z/pZ, so if the lemma does not hold, we must have E(Kn)[p] ∼=
Z/pZ or E(Kn)[p] ∼= Z/pZ × Z/pZ. Suppose E(Kn)[p] ∼= Z/pZ, and let P ∈ E(Kn)[p].
Since Kn/Q is Galois, any σ ∈ G(Q̄Q) maps P into E(Kn); since [p] commutes with any
automorphism, σ(P ) ∈ E(Kn)[p]. In particular, by restricting G(Q̄Q) to G(Q(E[p])/Q) ∼=
GL2(Z/pZ), we have obtained a contradiction since no one-dimensional subspace Z/pZ is
fixed by all of GL2(Z/pZ).

Now suppose E(Kn) ∼= Z/pZ × Z/pZ, so Q(E[p]) ⊂ Kn, and we obtain the surjective
homomorphism G(Kn/Q) → G(Q(E[p]/Q) ∼= GL2(Z/pZ). G(Kn/Q) is a group of “dihe-
dral” type because it contains gn as a normal, abelian subgroup of index 2. But for p > 2,
GL2(Z/pZ) is not the quotient of a group of dihedral type, and the lemma follows.

Using the diagram, we can now define Kolyvagin’s cohomology classes. Since the middle
restriction map is an isomorphism, we let c(n) be the unique class in H 1(G(K̄/K), E[p] such
that

Res(c(n)) = δn[Pn].

Define d(n) to be the image of c(n) in H1(G(K̄/K,E)[p]. A simple diagram chase shows
that there is a unique class d̃(n) ∈ H1(G(Kn/K), E)[p] such that

Inf(d̃(n)) = d(n).
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It will be useful later on to have an explicit description of these cohomology classes. It
is immediate from the definition of the boundary map δn that δnPn is represented by the
inhomogeneous 1-cocycle σ 7→ σ( 1

p
Pn)− 1

p
Pn (here 1

p
Pn is any lift of Pn under [p]). We claim

that the cocyle f represents c(n), where

f(σ) = σ

(
1

p
Pn

)
− 1

p
Pn −

(σ − 1)Pn
p

.

It is easily checked that f is a 1-cocycle (f(στ) = σf(τ) + f(σ)), so we need only observe
that Res(f) = δn[Pn]. This clearly holds from the above computation since (σ − 1)Pn = 0
for σ ∈ G(K̄/Kn) (recall that Pn ∈ E(Kn)).

Pushing f forward to H1(G(K̄/K), E)[p], the term σ
(

1
p
Pn

)
− 1

p
Pn dies because it is a

coboundary, and we are left with the representative cocycles

d(n) : σ 7→ −(σ − 1)Pn
p

,∀σ ∈ G(K̄/K)

and

d̃(n) : σ 7→ −(σ − 1)Pn
p

,∀σ ∈ gn.

Proposition 26 (1) The class c(n) is trivial in H1(G(K̄/K), E[p]) if and only if Pn ∈
pE(Kn).
(2) The class d(n) is trivial in H1(G(K̄/K), E)[p], and the class d̃(n) is trivial in H1(G(Kn/K), E)[p],
if and only if Pn ∈ pE(Kn) + E(K).

Proof: In both cases, the proof is a simple diagram chase. (1) is obvious, so we will prove
(2). Since Inf is injective, the triviality of d(n) and d̃(n) are equivalent. By the definition
of c(n), d(n) is trivial if and only if c(n) ∈ Imδ. If so, then c(n) = δ(P ) for some P ∈ E(K).
Since Res(c(n)) = δn[Pn], the injectivity of δn implies that P ≡ Pn(modpE(Kn)). The result
follows.

5.2 The Action of G(K/Q) = {1, τ} on the Cohomology Classes

Complex conjugation τ acts on the Z/pZ-vector space H1(G(K̄/K), E[p]), thereby decom-
posing it into the +1 and −1 eigenspaces

H1(G(K̄/K), E[p]) ∼= H1(G(K̄/K), E[p])+ ⊕H1(G(K̄/K), E[p])−.

Let ε = ±1 be the eigenvalue of the Atkin-Lehner involution wN on f =
∑
anq

n which
is the modular form associated with the elliptic curve E.

Complex conjugation acts on G(Kn/K) by στ = τστ−1, on Kn and on yn ∈ E(Kn).

Proposition 27 τyn = εσ′yn + torsion ∈ E(Kn)., for some σ′ ∈ gn.
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Proof: From [Gro84] we get that there is a σ′ so that τxn = wNσ
′xn. Passing to divisors

we get that
τ(xn −∞) = wnσ

′(xn −∞) + (wN∞−∞).

But wN∞ = 0 and (0−∞) is a degree 0 cusp and so it is a torsion point on the Jacobian
J(X0(N)). Passing down by Φ we get the statement of the proposition.

Proposition 28 (1) The class [Pn] lies in the εn = (−1)fnε-eigenspace for τ in (E(Kn)/pE(Kn))gn,
where fn is the number of primes dividing n.
(2) The class c(n) lies in the εn-eigenspace for τ in H1(G(K̄/K), E[p]), and the class d(n)
lies in the εn-eigenspace for τ in H1(G(K̄/K), E)[p].

Proof: τ acts on gn by τστ−1 = σ−1, so

τPn = τ
∑

σ∈S
σDnyn =

∑

σ∈S
σ−1τDnyn.

[recall that S is a set of coset representatives for gn/Gn]. Note that τ commutes with
l + 1− Trl, and the Dl were chosen such that

(σl − 1)Dl = l + 1− Trl,

so we find that

(σl − 1)Dlτ = τ(σl − 1)Dl = (σ−1
l − 1)τDl = (σ − 1)(−σ−1

l )τDl.

The kernel of (σl − 1) (acting on the group ring Z[Gl]) is just ZTrl, so from the above we
find a k ∈ Z such that τDl = −σlDlτ + kTrl. Recall the Euler system condition satisfied by
the Heegner points, that Trlyn = alym ≡ 0 (mod pE(Kn)). Thus we can compute

τPn =
∑

σ∈S
σ−1τDnyn =

∑

σ∈S
σ−1

∏

l|n
(−σlDlτ + kTrl)yn

≡ (−1)fn
∏

l|n
σl
∑

σ∈S
σ−1 ·Dnτyn (mod pE(Kn))

We have used the definition of fn, the commutativity of gn, the fact that
∏

l|nDl = Dn, and
the above Euler system relation. Proposition 27 showed that τyn = ε · σ′yn + torsion for
some σ′ ∈ gn, so we substitute to find

τPn ≡ (−1)fn
∏

l|n
σl
∑

σ∈S
σ−1 ·Dn(ε · σ′yn + torsion)

≡ εn
∏

l|n
σl · σ′

∑

σ∈S
σ−1Dnyn (mod pE(Kn))

To check that the second congruence holds, let Q ∈ E(Kn) be a torsion point of order r.
We have shown (lemma 25) that E(Kn)[p] = 0, so (r, p) = 1, and there exist a ∈ Z such
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that ar ≡ 1 (mod p). Consequently, Q ≡ 0 (mod pE(Kn)), so the torsion drops out of our
equation.

Since [Dnyn] is fixed by Gn modulo p, and {σ−1 : σ ∈ S} is another set of coset repre-
sentatives for gn/Gn, we conclude that

τPn ≡ εn · Pn (mod pE(Kn)).

Thus, we have shown that Pn is in the εn-eigenspace of τ in (E(Kn)/pE(Kn))gn .
Part (2) of the proposition is immediate, since the maps in Proposition 20 commute with

τ . In particular, since d(n) ∈ H1(G(K̄/K), E)[p]εn , Proposition 22, part (2), becomes

Corollary 29 d(n) is trivial in H1(G(K̄/K), E)[p]εn if and only if Pn ∈ pE(Kn) +E(K)εn.

5.3 Local Triviality of the Cohomology Classes

We follow [And].

Proposition 30 The class d(n)µ = 0 ∈ H1(Kµ, E)[p] for µ =∞ and for all µ not dividing
n.

Proof: When µ =∞, C is algebraically closed the the cohomology is trivial.
Assume that µ does not divide n. If µ does not divide N , then E has good reduction at

µ. Recall the diagram:

d̃(n) ∈ H1(G(Kn/K), E)[p]

��

// H1(G(Kun
µ /Kµ), E)[p]

��
d(n) ∈ H1(G(K̄/K), E)[p]) //

��

H1(G(K̄µ/Kµ), E(Kµ))[p]

��
H1(G(K̄/Kn), E)[p]gn // H1(G(K̄µ/Kn,µ), E)[p]gn

The class d(n) comes from the class d̃(n) ∈ H1(G(Kn/K), E)[p]. Since Kn is unramified
overK it means that d(n)µ is actually in H1(G(Kun

µ /Kµ), E)[p]. But H1(G(Kun
µ /Kµ), E) = 0

since E has good reduction at µ ([Mil86]). Therefore the class d(n)µ = 0 because it comes
from d̃(n)µ = 0.

When µ|N but µ does not divide n, the same result holds, and the proof uses properties
of Neron models. For details see [Gro91].

Proposition 31 Let n = lm, λ be the prime of K over l. Then the class d(n)λ = 0 ∈
H1(G(K̄λ/Kλ), E)[p] if and only if Pm ∈ pE(Kλm) = pE(Kλ) for λm above λ in Km.

Proof: Recall that λ splits completely in Km and λm is totally ramified in Kn with
λm = λl+1

n . From section 5.1 we get that d(n)λ is given by the cocyle σ 7→ − (σ−1)Pn
p

, defined

on G(Kλn/Kλm) ∼= Gl. Therefore d(n)λ ∈ H1(Gl, E(Kλ))[p].
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Since l does not divide N by assumption on n, E has good reduction at λ, so there is an
exact sequence

0 −→ E1(Kλn) −→ E(Kλn) −→ Ẽ(Fλn) −→ 0.

Gl cohomology gives the long exact sequence

(Ẽ(Fλn))[p]Gl −→ H1(Gl, E1(Kλn))[p] −→ H1(Gl, E(Kλn))[p] −→ H1(Gl, Ẽ(Fλn))[p]

From [Sil99] we get that E1 = Ê(M) where M is the maximal ideal of the local field
and Ê represents the formal group on the maximal ideal. Since the local field is Kλn ,
the uniformizer has norm an l-power and so the group E1 is a pro-l group. Since l 6= p,
multiplication by p is an isomorphism on E1. Therefore a p-torsion u in H1(Gl, E1) such
that pu = σx − x will give u = σ x

p
− x

p
which is well-defined because of the isomorphism.

Therefore u = 0 so H1(Gl, E1(Kλn))[p] = 0.
The exact sequence implies that d(n)λ is 0 if the image inH1(Gl, Ẽ(Fλn))[p] = Hom(Gl, Ẽ(Fλ)[p])

is also 0. (This last equality comes from trivial action of Gl on Ẽ(Fλn).)

But the image is represented by the cocyle σ 7→ − (σ−1)Pn
p

reduced (mod λn). But Gl

is cyclic generated by σl and so it is enough to check that Qn = (σl−1)Pn
p

= 0 (mod λn).

Note that σl acts trivially on Ẽ(Fλn) = Ẽ(Fλ) and so Q̄n ∈ Ẽ(Fλ)[p].
The rest reduces to calculations, recalling that the points yn form an Euler system.
Pn =

∑
σDmDlyn where (σl − 1)Dl = l + 1− Trl. Therefore

Qn = −(σl − 1)Pn/p =
∑

gn/Gn

σDm

(
l + 1

p
yn −

al
p
ym

)
,

because σl − 1 commutes with gn and Trlyn = alym because the yn form an Euler system
(the first property).

The second property of Euler systems gives:

l + 1

p
yn −

al
p
ym ≡

(l + 1)Frob(λm)− al
p

ym (mod λn),

for any λn lying above λ. Therefore for σ ∈ gn (σλn is another prime above λ) we have

l + 1

p
yn −

al
p
ym ≡

(l + 1)Frob(σ−1λm)− al
p

ym (mod σ−1λn),

which gives

σ

(
l + 1

p
yn −

al
p
ym

)
≡ σ

(
(l + 1)Frob(σ−1λm)− al

p

)
ym (mod λn),

But σFrob(σ−1λm) = Frob(λm)σ, so we get that

σ

(
l + 1

p
yn −

al
p
ym

)
≡
(

(l + 1)Frob(λm)− al
p

)
σym (mod λn).
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Plugging back in the expression for Qn, we get that

Qn =
∑

Dm

(
(l + 1)Frob(λm)− al

p

)
σym (mod λn) =

(
(l + 1)Frob(λm)− al

p

)
Pm (mod λm).

In the previous section we saw that P̃n is in the εn-eigenspace of Frob(l) on Ẽ(Fλ)/pẼ(Fλ).
But from the Eichler-Shimura theorem and the formula for the action of the Hecke operator
Tl we get that (l + 1)Frob(l) − al annihilates Ẽ(Fλ). Also we have shown that the εn-
eigenspace of Ẽ(Fλ) is cyclic. Therefore the reduction of Qn is 0 if and only if P̃m ∈ pẼ(Fλ).
But then Pm is in pE(Kλ) plus p-torsion in E1 (from the exact sequence). But E1 is a pro-l
group and so its p-torsion is 0. So Pm ∈ pE(Kλ).

5.4 The Pairing from Tate Local Duality

The goal of this section is to interpret Tate’s local duality theorem to produce a non-
degenerate pairing that we will apply in the next section to study the Selmer group. Through-
out, we let K be a local field with ring of integers O and finite residue field k of characteristic
l. Let E be an elliptic curve defined over K with good reduction over O. Also, let p 6= l be
prime. Our exposition follows [Pap].

We begin with a cohomological lemma:

Lemma 32 Let Fq be the finite field with q elements, and let G = G(F̄q/Fq) be its absolute
Galois group, with the usual topological generator Frob. Let A be a continuous G-module. If
A is a torsion group or a divisible group such that AG is torsion, then

1. H0(G,A) = AG

2. H1(G,A) = A/(Frob− 1)A

3. Hs(G,A) = 0 for s ≥ 2

For the proof, see [Ser79]
Letting Ẽ(k) denote the reduced curve, we can form the exact sequence

0→ E1(K)→ E(K)→ Ẽ(k)→ 0

The kernel of reduction E1(K) is a formal group [Sil99]; in fact, it is pro-l, and multiplication
by p is an isomorphism. We use the reduced curve to study E/K. We have the diagram

0 // E1(K) //

p

��

E(K) //

p

��

Ẽ(k) //

p

��

0

0 // E1(K) // E(K) // Ẽ(k) // 0
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Since the left-hand map is an isomorphism, the snake lemma implies that the middle and
right-hand cokernels are isomorphic, i.e. E(K)/pE(K) ∼= Ẽ(k)/pẼ(k). The usual exact
sequence induced from multiplication by p on Ẽ yields the following exact sequence:

0→ Ẽ(k)/pẼ(k)→ H1(G(Kun/K), Ẽ[p])→ H1(G(Kun/K), Ẽ).

By the cohomological lemma, this last group is Ẽ/(Frob− 1)Ẽ, where Frob is the Frobenius
automorphism, the topological generator of G(k̄/k). Frob−1 is a non-constant morphism of
smooth curves, so it is surjective.

Proposition 33 E(K)/pE(K) ∼= H1(G(Kun/K), E[p]).

Proof: From the above observations, we obtain the isomorphisms

E(K)/pE(K) ∼= Ẽ(k)/pẼ(k) ∼= H1(G(Kun/K), Ẽ[p]).

Since Ẽ is non-singular and (l, p) = 1, E(K)[p] injects into Ẽ(k). In particular, we can
identify E[p] with Ẽ[p]: all the p-torsion lies in some finite algebraic extension L of K (with
residue field λ), and E(L)[p] = E[p] injects into Ẽ(λ). But we know that E[p] and Ẽ[p] are
both isomorphic to (Z/pZ)2, so this injection must give an identification E[p] = Ẽ[p]. This
gives E(K)/pE(K) ∼= H1(G(Kun/K), E[p]).

Later, we will use this proposition to reinterpret Tate local duality, which we now state.
For a proof, see [Mil86].

Theorem 34 For all i, H i(G(K̄/K), E[p]) is finite, and there are alternating, non-degenerate
pairings

〈·, ·〉 : H i(G(K̄/K), E[p])⊗H2−i(G(K̄/K), E[p])→ Z/pZ.

Remark: To construct the pairing, simply apply the cup-product and the Weil-pairing to get
maps

H i(G(K̄/K), E[p])×H2−i(G(K̄/K), E[p])→ H2(G(K̄/K), E[p]⊗E[p])→ H2(G(K̄/K), µp).

We can easily check that the last group is just Z/pZ since H 2(G(K̄/K), µp) is isomor-
phic to the p-torsion of H2(G(K̄/K), K̄×) using the long exact sequence on Galois co-
homology coming from the fundamental Kummer sequence, along with an invocation of
Hilbert’s Theorem 90. Finally, the invariant map of local class field theory tells us that
H2(G(K̄/K), K̄×) ∼= Q/Z, so its p-torsion is clearly Z/pZ.

In particular, if we consider the Tate pairing with i = 1 and restrict to the Galois group
of Kun/K, we obtain the

Proposition 35 The subspace H1(G(Kun/K)), E[p]) ∼= E(K)/pE(K) is self-orthogonal
with respect to the Tate pairing.
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Proof: H2(G(Kun/K),Z/pZ) = 0 by lemma 32, so the result follows from the commu-
tativity of the following diagram:

H1(G(Kun/K)), E[p])⊗H1(G(Kun/K)), E[p])
Inf⊗Inf //

��

H1(G(K̄/K)), E[p])⊗H1(G(K̄/K)), E[p])

��
H2(G(Kun/K), E[p]⊗ E[p])

��

H2(G(K̄/K), E[p]⊗ E[p])

��
H2(G(Kun/K),Z/pZ)

Inf // H2(G(K̄/K),Z/pZ)

��
Z/pZ

We have now come to the main theorem of this section:

Theorem 36 The Tate pairing induces a non-degenerate pairing of Z/pZ-vector spaces

〈·, ·〉 : E(K)/pE(K)⊗H1(G(K̄/K), E)[p]→ Z/pZ.

Proof: Letting IK denote the inertial subgroup of G(K̄/K, we have the exact sequence

0→ IK → G(K̄/K)→ G(Kun/K)→ 0

We have the corresponding inflation-restriction exact sequence

0→ H1(G(Kun/K), E[p]IK )→ H1(G(K̄/K), E[p])→ H1(IK , E[p])G(Kun/K) → H2(G(Kun/K), E[p]IK )

Since E has good reduction over O and (l, p) = 1, IK acts trivially on E[p] [Sil99]; in partic-
ular, lemma 32 implies that the last cohomology group in this sequence is zero. Comparing
with the parallel exact sequence in Galois cohomology

0→ E(K)/pE(K)→ H1(G(K̄/K), E[p])→ H1(G(K̄/K), E)[p]→ 0

we conclude that H1(IK , E[p])G(Kun/K) ∼= H1(G(K̄/K), E)[p].
Let W be the wild group (the Galois group defined by the extensions K−Kun−K0− K̄

so that K̄/K0 is wild and K0/K
un is tame [Ser79]). It is knows that W is a pro-l group and

that the tame group defined by the exact sequence

0→ W → IK → T → 0,

and T =
∏

q 6=l Zq. This exact sequence allows us to study the group H1(IK , E[p])G(Kun/K).
Since IK acts trivially on E[p], so do W and T . Then the inflation-restriction sequence

applied to the above short-exact sequence is

0→ H1(T,E[p])→ H1(IK , E[p])→ H1(W,E[p])T
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But since W acts trivially on E[p], H1(W,E[p]) ∼= Hom(W,E[p]), which is trivial since W
is a pro-l group: multiplication by p is an isomorphism, and any φ ∈ Hom(W,E[p]) must
send W = pW 7→ 0. Consequently,

H1(IK , E[p])G(Kun/K) = H1(T,E[p])G(Kun/K) = Hom(T,E[p])G(Kun/K)

= Hom(
∏

q 6=l
Zq, E[p])G(Kun/K) = Hom(Zp, E[p])G(Kun/K)

where these last equalities hold by our discussion of T and the fact that Zq is pro-q (6= p),
so multiplication by p is again an isomorphism.

Hom(Zp, E[p])G(Kun/K) = Hom(lim←Z/pnZ, E[p])G(Kun/K) = Hom(Z/pZ, E[p])G(Kun/K)

where we have used the fact that Hom and projective limit commute, and that E[p] ∼=
(Z/pZ)2. Now, we have observed that IK fixes E[p], so all of the p-torsion of E is Kun-
rational. Hom(Z/pZ, E[p]) ∼= E[p] implies Hom(Z/pZ, E[p])G(Kun/K) = E(K)[p].

By the cohomological lemma, H1(G(Kun/K), E[p]) = E[p]/(Frob − 1)E[p], which is
isomorphic to Ẽ(k)[p] (see for example [Ser79]).

But we’ve already observed that Ẽ(k)[p] = E(K)[p] and that H1(G(Kun/K), E[p]) =
E(K)/pE(K), so we conclude that

E(K)/pE(K) ∼= E(K)[p].

We have now reached the crux of the proof, the existence of a commutative diagram

0 // E(K)/pE(K) //

��

H1(G(K̄/K), E[p]) //

��

H1(G(K̄/K), E)[p] //

��

0

0 // (H1(G(K̄/K), E)[p])∗ // (H1(G(K̄/K), E[p]))∗ // (E(K)/pE(K))∗ // 0

Here G∗ = Hom(G,Z/pZ). The middle map is that arising from Tate local duality (and
is consequently an isomorphism), while the others are induced by the duality pairing. The
diagram exists because E(K)/pE(K) is isotropic for the Tate pairing. To be more precise,
we will construct the right-hand vertical map. For x ∈ H 1(G(K̄/K), E)[p], take any lift
y ∈ H1(G(K̄/K), E[p]). Map y to the homomorphism 〈y, ·〉 : H1(G(K̄/K), E[p]) → Z/pZ,
and then restrict this to an element of (E(K)/pE(K))∗. Any other lift y′ differs from y by
an element of E(K)/pE(K), so by linearity the resulting map in (E(K)/pE(K))∗ differs
by 〈ε, ·〉 : E(K)/pE(K) → Z/pZ for ε ∈ E(K)/pE(K). Since E(K)/pE(K) is isotropic,
this map is trivial, so we have constructed a well-defined map H 1(G(K̄/K), E)[p]) →
(E(K)/pE(K))∗. We can proceed similarly to construct the left-hand vertical map, and
the diagram clearly commutes.

Since the middle map is an isomorphism, the left and right-hand vertical maps are clearly
injective and surjective, respectively, and a simple dimension count implies that they are in
fact isomorphisms: we observed previously that E(K)/pE(K) = E(K)[p] has the same
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dimension (over Z/pZ) as H1(IK , E[p])G(Kun/K) = H1(G(K̄/K), E)[p]. That the left and
right-hand maps are isomorphisms is precisely the statement that

E(K)/pE(K)⊗H1(G(K̄/K), E)[p]→ Z/pZ

is a non-degenerate pairing, so the proof is complete.

5.5 Application of the Local Pairing

We will apply the local pairing constructed above to give a condition for the local triviality
of an element of the Selmer group. Let us again let K be an imaginary quadratic extension
of Q subject to the initial conditions of this paper, and let Kλ be the completion at an inert
prime λ lying over the prime l ∈ Z. We also assume that the p-torsion of E is rational
over Kλ, which implies that E(Kλ)/pE(Kλ) and H1(G(K̄λ/Kλ), E)[p] have dimension two
as Z/pZ-vector spaces: this is clear for the first group, and for the second it follows from our
proof of Theorem 36, since we showed H1(G(K̄λ/Kλ), E)[p] = Hom(Z/pZ, E[p])G(Kun

λ /Kλ) =
E(Kλ)[p] = (Z/pZ)2.

As before, we assume p is odd and that l has been chosen so that l + 1 ≡ 0 (mod p).
By section 4.1.1, the τ -eigenspaces E(Kλ)

± are one-dimensional Z/pZ-vector spaces.

Proposition 37 (1) The eigenspaces (E(Kλ)/pE(Kλ))± and H1(G(K̄λ/Kλ), E)[p]± are one-
dimensional Z/pZ-vector spaces.
(2) The pairing 〈, 〉 of Theorem 36 induces non-degenerate pairings of Z/pZ-vector spaces

〈·, ·〉± : (E(Kλ)/pE(Kλ))± ×H1(G(K̄λ/K), E)[p]± → Z/pZ.

In particular, if dλ is a non-zero element of H1(G(K̄λ/K), E)[p]± and sλ ∈ (E(Kλ)/pE(Kλ))
±

satisfies 〈sλ, dλ〉 = 0, then sλ ≡ 0 (mod pE(Kλ)).

Proof:
Recall from the proof of Theorem 36 that E(Kλ/pE(Kλ) = E(Kλ)[p] andH1(G(K̄λ/Kλ), E)[p] =

Hom(µp, E[p])G(Kun
λ /Kλ) where µp = µp(K̄λ) = Z/pZ. But l + 1 ≡ 0 (mod p), so µp(Kλ) =

µp(K̄λ): since µp(K̄λ) = µp(K
un), we need only check that applying Frobenius to an element

x ∈ µp(K̄λ) is trivial. This is clear since

xl
2

= x(pn−1)2

= 1,

where n ∈ Z such that pn = l + 1. Finally, since we have assumed the p-torsion is defined
over Kλ, we obtain the isomorphism

H1(G(K̄λ/Kλ), E)[p] = Hom(µp(Kλ), E(Kλ)[p]).

Furthermore, µp(Ql) = {1} since the only roots of unity in Ql are the (l − 1)st, and
l−1 6= 0 (mod p) by assumption. Thus, τ ∈ G(Kλ/Ql) can only fix the pth root of unity 1,
and µp(Kλ) = µp(Kλ)−. Consequently, the above isomorphisms of G(Kλ/Ql)-modules imply
that

E(Kλ)± = (E(Kλ)/pE(Kλ))[p]± = H1(G(Kλ/Ql), E)[p]∓,
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so all eigenspaces have dimension 1.
Now we prove (2): it suffices to show that the + and − eigenspaces are orthogonal under

〈, 〉. If c1 and c2 are chosen to lie in opposite eigenspaces,

〈c1, c2〉 = 〈τc1, τc2〉 = −〈c1, c2〉 = 0,

where we have used the construction of the Tate pairing and the fact thatH 2(G(K̄λ/Kλ), µp) =
Z/pZ is τ -invariant.

For the final observation of (2), note that this follows from non-degeneracy of the pairing
and the fact that the eigenspaces have dimension 1.

Before proving the next proposition, a reinterpretation of the above pairings on the
eigenspaces, we recall for convenience the following commutative diagram, which contains
the definition of Sel(E/K)p:

0

&&NNNNNNNNNNNN

Sel(E/K)±p

**TTTTTTTTTTTTTTTT

0 // (E(K)/pE(K))± // H1(G(K̄/K), E[p])± //

Res
�� **VVVVVVVVVVVVVVVVVV

H1(G(K̄/K), E)[p]±

��
H1(G(K̄λ/Kλ), E[p])±

∼=
��

∏
vH

1(G(K̄v/Kv), E)[p]±

(E(Kλ)/pE(Kλ))±

Proposition 38 Assume that the class d ∈ H1(G(K̄/K), E)[p]± is locally trivial for all
places v 6= λ of K, but that dλ 6= 0 in H1(G(K̄λ/Kλ), E)[p]±. Then for any class s ∈
Sel(E/K)±p ⊂ H1(G(K̄/K), E[p])±, sλ = ResKλ(s) = 0 in H1(G(K̄λ/Kλ), E[p])±.

Proof: Using the above diagram as guidance, the proof will be a combination of Propo-
sition 37 and global class field theory. From the diagram, we see that the restriction sλ lies
in (E(Kλ)/pE(Kλ))±, so by part (2) of Proposition 37, it suffices to show that 〈sλ, dλ〉 = 0.

Lift d to a class c ∈ H1(G(K̄/K), E[p]), defined up to an element of E(K)/pE(K). The
global pairing 〈s, c〉K induced by cup-product and the Weil pairing takes

H1(G(K̄/K), E[p])⊗H1(G(K̄/K), E[p])→ H2(G(K̄/K), µp) = Br(K)[p],

where Br(K) denotes the Brauer group of K; any element of Br(K) is determined by its
images in all of the local Brauer groups, and we recall the exact sequence from class field
theory

0→ Br(K)→ ⊕vBr(Kv)→ Q/Z→ 0.
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Since the local Tate pairing simply applies the invariant map to our global pairing, the image
of 〈s, c〉K ∈ ⊕vBr(Kv) is {〈sv, cv〉}v. But dv = 0 for all v 6= λ, so 〈sv, cv〉 = 0 for all v 6= λ:
localizing the sequence

0→ E(K)/pE(K)→ H1(G(K̄/K), E[p])→ H1(G(K̄/K), E)[p]→ 0

at v, we see that dv = 0 implies cv ∈ E(Kv)/pE(Kv), and sv ∈ E(Kv)/pE(Kv), combined
with the fact that E(Kv)/pE(Kv) is an isotropic subgroup for the pairing 〈, 〉v, gives us
〈sv, cv〉 = 0. Since the sum of local invariants (the map ⊕vBr(Kv) → Q/Z) is zero by
exactness of the class field theory exact sequence, 0 =

∑
v〈sv, cv〉v = 〈sλ, cλ〉, and the proof

is complete.

5.6 The Selmer group

The results from the previous section can be used to understand the Selmer group. Recall
that p is an odd prime so thatG(Q(E[p])/Q) ∼= Aut(E[p]) ∼= (Z/p/Z)2. Moreover, (D,Np) =
1 which implies that the ramifications of Q(E[p]) and K over Q are disjoint. Therefore
Q(E[p]) ∩K = Q. Let L = K(E[p]) and the previous observation implies that G(L/K) ∼=
G(Q(E[p])/Q) because the extensions are linearly disjoint. In these sections we follow [Ossa,
Ossb].

5.6.1 Cohomology

The results on the Selmer group follow from general cohomology. We give a few lemmas that
will be needed in the next section.

Definition 39 A spectral sequence Ep,q
2 =⇒ En consists of objects Ep,q

r , En and boundary
maps dp,q : Ep,q

r −→ Ep+r,q−r+1
r so that the cohomology groups ker dp,q/Imdp+r,q−r+1 ∼= Ep,q

r+1

and there are isomorphisms Ep,q
∞

∼−→ grpE
p+q.

An important property of spectral sequences is that if Ep,q
2 = 0 when p ≥ 1 or q ≥ 1 then

Ep,0
2
∼= Ep for all p.

Proposition 40 (Hochshild-Serre, [NSW00]) If G is a profinite group and H a closed nor-
mal subgroup then the Hochshild-Serre sequence Hp(G/H,Hq(H,A)) =⇒ Hp+q(G,A) is a
spectral sequence.

We will use the Hochshild-Serre spectral sequence applied to the groups G = G(L/K) ∼=
GL2(Z/pZ) which contains the central subgroup Z ∼= (Z/pZ)∗.

Lemma 41 Hn(Z,E[p]) = 0 for all n ≥ 0.

Proof: |Z| = p− 1 while |E[p]| = p2. Therefore 1
p−1

is an isomorphism in E[p]. Pulling

back to cocycles, any cocycle is (p − 1) times another cocycle. Therefore it is enough to
prove that p− 1 = 0 as maps in Hn(Z,E[p]). This follows from the fact that Z ∼= (Z/pZ)∗.
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Fix an injective resolution 0 −→ E[p] −→ I0 −→ . . .. Then H∗(Z,E[p]) is the cohomology
of 0 −→ IZ0 −→ . . .. Since elements in this complex are Z-invariant, TrZ = p− 1. Since TrZ
maps Ik to IZk the result follows immediately by nonsense.

This works for n ≥ 1. For n = 0 this follows easily since p− 1 > 1.
Using the spectral sequence (Hn(Z,E[p]) = 0) and the previous lemma we get the fol-

lowing proposition immediately:

Proposition 42

Hn(G, E[p]) = Hn(G/Z,H0(Z,E[p])) = 0.

Proposition 43 There is a pairing

[·, ·] : H1(G(K̄/K), E[p])×G(Q̄/L) −→ E[p](L).

Proof: The transgression exact sequence gives (k = G(K̄/K), l = G(K̄/L), k/l = G)

0 −→ H1(G, E[p]l)
inf−→ H1(k,E[p])

res−→ H1(l, E[p])G
tg−→ H2(G, E[p]l)

inf−→ H2(l, E[p]).

Using the previous proposition we get thatH1(k,E[p])
∼−→ H1(l, E[p])G = HomG(G(Q̄/L), E[p](l)).

The definition of [·, ·] is [s, ρ] = ress(ρ). The action of G = G(L/K) is [s, ρ]σ = [s, ρσ] =
[sσ, ρσ] since s is fixed by G by the previous proposition.

Injectivity means that if [s, ρ] = 0 for all ρ then s = 0.
Let S ⊂ H1(K,E[p]) be a finite dimensional vector space over Z/pZ (since H 1 is).

Definition 44 Let GS(Q̄/L) = {ρ ∈ G(Q̄/L)|[s, ρ] = 0,∀s ∈ S}. Then LS = LGS(Q̄/L)/L is
Galois. To see this we need that GS is normal and closed. Closure is clear and normality
follows from definition and from the fact that [s, ρ] = 0 for ρ ∈ GS.

Proposition 45 The induced pairing

[·, ·] : S ×G(LS/L) −→ E[p],

is nondegenerate and induces isomorphisms (of G-modules and G(K/Q)-modules respectively)

G(LS/L)
∼−→ Hom(S,E[p])

S
∼−→ HomG(G(LS/L), E[p]).

Proof: It is nondegenerate on the left because [·, ·] is nondegenerate on the left as
originally defined. Assume that [s, ρ] = 0 for all s ∈ S. Then ρ ∈ GS and G(LS/L) =
G(Q̄/L)/G(Q̄/LS) = G(LS/L) so ρ = 0 in the quotient group.

Therefore we have injectionsG(LS/L) −→ Hom(S,E[p]) and S −→ HomG(G(LS/L), E[p])
(the last one as G modules comes from the action of G on [·, ·].

Let r = dimZ/pZ S. Then Hom(S,E[p]) = E[p]r. Since E[p] ⊂ L, G permutes all of
E[p] and so E[p] is simple as a G-module. Therefore Hom(S,E[p]) is semisimple. Therefore
G(LS/L) ⊂ E[p]r so G(LS/L) = E[p]s for s ≤ r.

Now HomG(E[p], E[p]) = Z/pZ because E[p] = (Z/pZ)2 and G is the full group act-
ing on it, and so only the Z/pZ group (the scalars) commute with G. This implies that
HomG(G(LS/L), E[p]) = (Z/pZ)s ⊃ S and a rank comparison yields r = s. This proves
both isomorphisms.
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5.6.2 Applications to the Selmer Group

We apply the results of the previous section to S = Sel(E/K)p ⊂ H1(K,E[p]).
The main goal of this section is to prove that Sel(E/K)p is generated by δyK where δ

is the connecting homomorphism in section 1. The Mordell-Weil theorem implies that there
are finitely many primes p so that yK ∈ pE(K) so we may assume that we have chosen p
such that yK /∈ pE(K).

Proposition 46 The field L1 = L(1
p
yK) is well defined, Galois over L and is a subfield of

LS.

Proof: Since E[p] ⊂ L we have that L1/L is Galois ( 1
p
yK is well-defined up to E[p] ⊂ L).

Let σ ∈ G(Q̄/LS), i.e., an element σ ∈ G(Q̄/L) so that [Sel(E/K)p, σ] = 0. So any
cocycle f ∈ Sel(E/K)p ⊂ H1(G(K̄/K), E[p]) sends σ to 0. Therefore δyK (which is a cocyle
u 7→ u(1

p
yK) − 1

p
yK) sends σ to 0. Therefore, σ fixes 1

p
yK and this means that L1 ⊂ LS

clearly.
The Galois groups of these extensions are defined in the following diagram:

LS
I

vvmmmmmmmmmmmmmm

H∼=Hom(Sel(E/K)p,E[p])

��

L1 = L(1
p
yK)

E[p]

((PPPPPPPPPPPP

L = K(E[p])

G
��
K

��
Q

Since 1
p
yK is defined up to E[p], the Galois group G(L1/L) = E[p].

Fix complex conjugation τ ∈ G(LS/Q). As usually ± define the ± eigenspaces of τ ,
when it acts by conjugation on H = G(LS/L) and I = G(LS/L1).

Proposition 47 The eigenspaces H+ and I+ are given by H+ = {(τh)2|h ∈ H}, I+ =
{(τi)2|i ∈ I}, and H+/I+ ∼= Z/pZ. Moreover, if s ∈ Sel(E/K)±p then the following are
equivalent:

1. [s,H] = 0.

2. [s,H+] = 0.

3. [s,H+ \ I+] = 0.

4. s = 0.
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Proof: Note that by proposition 45 H ∼= Hom(Sel(E/K)p, E[p]) and so it is a Z/pZ-
vector space. Since τ 2 − 1 = 0, H+ = Hτ−1 ⊃ Hτ+1. Also h ∈ H+ =⇒ hτ+1 = h2,
since p is odd and H is a vector space over Z/pZ then h 7→ h2 is an isomorphism. Then
h = (h1/2)τ+1 ∈ Hτ+1 and so H+ = Hτ+1 = {hτh|h ∈ H}.

By the action of conjugation we get that hτ = τhτ−1 = τhτ and the structure of H+

(and similarly for I+) follows. Now H+/I+ = (H/I)+ = E[p]+ ∼= Z/pZ.
For the second part of the proof note that we have the implications 4⇐⇒ 1 =⇒ 2 =⇒ 3.

We only need 3 =⇒ 2 =⇒ 1.
Assume that s : H+ −→ E[p] vanishes on H+\I+. Then s vanishes on the representatives

of the nontrivial elements of H+/I+ ∼= Z/pZ. There are such cosets since I+ 6= H+ and so
s vanishes on all of H+ clearly.

The element s ∈ Sel(E/K)±p induces (via the pairing) a homomorphism H −→ E[p]
so that H+ −→ E[p]± and H− −→ E[p]∓. These homomorphisms are G-invariant by
construction. Since s is 0 on H+, s(H) ⊂ E[p]∓. Since E[p] is simple and s(H) is a sub
G-module, s(H) = 0 since it cannot be E[p].

Consider λ a prime in K that is unramified in LS/K. Assume that λ splits completely
in L/K and let λM a prime of M = LS sitting above λ. Then Frob(λM) ∈ G(LS/K).

Remark 48 Frob(λM) ∈ H and Frob(λ), the G orbit of Frob(λM) depends only on λ.

Proof: Localize at λ. Take a prime λ′ of L above λ. Then there is an injection
E(Lλ′)[p] −→ Ẽ(Fλ′). Since λ splits completely in L, Fλ′ = Fλ. But Frob(λM ) fixes Fλ,
so when lifted, it will fix p-torsion. Since L = K(E[p]), Frob(λM)L = L and the first part
follows since H = G(LS/L).

λM

��

LS

H
��

λ′

��

L

G
��

λ K

For the second part observe that Frob(λ′M) = σFrob(λM)σ−1 for two choices of primes
above λ. Then by restricting σ to action on L, we get that the G orbits are the same.

Proposition 49 For s ∈ Sel(E/K)p ⊂ H1(G(K̄/K), E[p]) the following are equivalent:

1. [s, ρ] = 0, where ρ = Frob(λM) ∈ H.

2. [s, Frob(λ)] = 0.

3. sλ = 0 ∈ H1(G(K̄λ/Kλ), E[p]).
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Proof: Since the action of G on the pairing is given by [s, σρ] = σ[s, ρ] we have that the
first two statements are equivalent.

We will now show that 1⇐⇒ 3.
X(E/Kλ) = 0 by construction since there is only one localization. Therefore the exact

sequence (1) will give an isomorphism

E(Kλ)/pE(Kλ)
∼−→ Sel(E/Kλ)p.

Moreover, in the sequence

0 −→ E(Kλ)/pE(Kλ)
δ−→ H1(G(K̄λ/Kλ), E[p]) −→ H1(G(K̄λ/Kλ), E)[p],

the element sλ ∈ H1(G(K̄λ/Kλ), E[p]) will then map to 0. Therefore sλ = δPλ for some
Pλ ∈ E(Kλ)/pE(Kλ). By definition, sλ takes σ ∈ G(K̄λ/Kλ) to σ(1

p
Pλ)− 1

p
Pλ.

Since 1
p
Pλ ∈ MλM and λ is unramified in M , the extension MλM/Kλ is generated by

Frob(λM) and so the fixed field of Frob(λM) isKλ. Therefore [s, Frob(λM)] = Frob(λM)(1
p
Pλ)−

1
p
Pλ = 0 if and only if 1

p
Pλ is in the fixed field of Frob(λM) when acting on E(MλM ), and

this is contained in E(Kλ) by the above. This is equivalent to the fact that sλ = 0.

5.7 The Eigenspaces of the Selmer Group

In this section we complete the proof that Sel(E/K)p is dimension one by showing that one
of its τ -eigenspaces is trivial, and that δyK generates the other. Recall that yK = P1 lies in
the ε-eigenspace for complex conjugation, and consequently so does δyK .

Proposition 50 Sel(E/K)−εp = 0.

Proof: Let s ∈ Sel(E/K)−εp , so we want to show s = 0. It suffices to check that [s, ρ] = 0
for all ρ ∈ H+ \ I+. Such ρ have the form ρ = (τh)2 for some ρ ∈ H \ I.

Let l ∈ Z be a prime which is unramified in LS/Q (S = Sel(E/K)p, for convenience) and
which has a factor λLS with Frobenius automorphism equal to τh. The Chebotarev density
theorem implies that such l exist. Since the Frobenius map in G(FλLS /Fλ), x 7→ xl

2
, is the

square of Frobenius in G(FλLS /Fl), we see that the (global) Frobenius map of FλLS /Fλ is

(τh)2. Thus, by Proposition 49, we need only show sλ ≡ 0 ∈ H1(G(K̄λ/Kλ), E[p]).
Let c(l) and d(l) be the distinguished cohomology classes as previously constructed.

We’ve shown (Proposition 28) that both lie in the −ε-eigenspace for complex conjugation,
and d(l)v = 0 for all places v 6= λ. d(l)λ is trivial precisely when yK ∈ pE(Kλ), which is
equivalent to λ splitting completely in L( 1

p
yK). But we have assumed that ρ = Frob(λ) /∈ I+,

so λ cannot split completely in L( 1
p
yK). We have therefore produced a cohomology class that

is locally trivial everywhere except at λ, where it is non-trivial, so we can conclude sλ = 0
by Proposition 49.

Proposition 51 Assume yK is not divisible by p in E(K). Let l ∈ Z be a prime satisfying
the same conditions as in the previous proposition. Then the following are equivalent:
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1. c(l) ≡ 0 in H1(G(K̄/K), E[p])

2. c(l) ∈ Sel(E/K)p ⊂ H1(G(K̄/K), E[p])

3. p|Pl in E(Kl)

4. d(l) ≡ 0 in H1(G(K̄/K), E[p])

5. d(l)λ ≡ 0 in H1(G(K̄λ/Kλ), E[p])

6. p|yk in E(Kλ)

7. h1+τ ∈ I+ = H+ ∩ I

Proof: Clearly (1) ⇐⇒ (2) because c(l) is in the (−ε)-eigenspace and Sel(E/K)−εp = 0.
From the diagram in the proof of Proposition 24 (namely, injectivity of δl and Res), we
see that (1) ⇐⇒ (3). Next, E(K)/pE(K) ⊂ Sel(E/K)p (from the definitions and an easy
diagram-chase), so c(l) ≡ 0⇐⇒ d(l) ≡ 0 ((1) ⇐⇒ (4)).

Recall that Sel(E/K)p surjects onto X(E/K)[p], so Sel(E/K)−εp = 0 implies that
X(E/K)[p]−ε = 0, and in particular, if d(l) is everywhere locally trivial, then d(l) is trivial.
Thus, since d(l)v = 0 for v 6= λ, we conclude that (4) ⇐⇒ (5).

(5) ⇐⇒ (6) is just a restatement of Proposition 31, and this same result implies that (5)
and (7) are equivalent, also using the argument of the previous proposition.

Theorem 52

Sel(E/K)εp
∼= (Z/pZ)δyK .

Proof: Let s ∈ Sel(E/K)εp. We want to show that s is a multiple of δyK because the
other inclusion is clear. It suffices to prove that [s, ρ] = 0 for all ρ ∈ I because then we may
quotient I out so that σ ∈ HomG(H/I,E[p]) = HomG(G(L1/L), E[p]) ∼= (Z/pZ)δyK .

It is enough to show that [s, I+] = 0 because then we have that s maps I− into a + or -
eigenspace of E[p] and so [s, I] ⊂ E[p]±. This takes place as G-modules and by simplicity of
E[p] we get that [s, I] = 0.

Therefore we need to show that [s, (τi)2] = 0 for i ∈ I.
We would like to apply Proposition 38 to d = d(ll′) for suitably chosen l and l′ to get

that sλ = 0 for some λ; we also apply Proposition 49 to Frob(λM)) = (τi)2 to get that
[s, (τi)2] = 0. This will prove the theorem.

Now we will prove the existence of l and l′ that will suffice for this proof.
Choose l′ so that c(l′) 6= 0 ∈ H1(G(K̄/K), E[p]). By the previous proposition it is enough

to require that Frob(l′) = τh for h ∈ H so that hτ+1 /∈ I+. In that case c(l′) /∈ Sel(E/K)p.
The extension L′ = L〈c(l′)〉/L has Galois group E[p] as before. Moreover, it is disjoint from
LS/L because c(l′) /∈ S = Sel(E/K)p. If λ is a prime of K above l so that it splits completely
in L, then it splits completely in L′ if and only if Pl′ ∈ pE(Kλl′ ) for all λl′ above λ in Kl′ .

Let l be a prime so that both of the following two conditions are satisfied:

1. Frob(l) = τi ∈ G(LS/Q) with i ∈ I.
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2. Frob(l) = τj ∈ G(L′/Q) with j ∈ G(L′/L) so that jτ+1 6= 1.

The two conditions may be simultaneously satisfied because L′ ∩ LS = ∅.
The rest of the theorem will follow (as mentioned above) from the following proposition:

Proposition 53 For l, l′ chosen as above, the class d(ll′) ∈ H1(G(K̄/K), E)[p]ε is locally
trivial at every µ 6= λ but not trivial at λ.

Proof: Local triviality for µ 6= λ, λ′ follows from proposition 30.
Since i ∈ I the previous proposition guarantees that c(l) = 0 and Pl ∈ pE(Kl). Therefore

Pl will be divisible by p in E(Kλ1) for a place λ1 lying above λ′. By proposition 30 this means
that d(ll′)λ′ = 0.

Finally, d(ll′)λ is trivial if and only if Pl′ ∈ pE(Kλ). From the observation made above,
this is equivalent to the fact that λ splits completely in L′ which means that (τj)2 = jτ+1 = 1
contradicting our choice of j.2

This concludes the proof that Sel(E/K)p ∼= Z/pZ. From this paper’s opening discussion,
it follows that X(E/K)[p] = 0 and that the rank of E(K) is exactly one.

2We don’t get this... we basically ran out of time to understand this final proposition
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