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Abstract

The K-theory of a compact Lie group with torsion-free fundamental group is an
exterior algebra on the vector bundles associated with the fundamental irreducible
representations. The Borel-Weil theorem gives a characterization of these irreducible
representations in terms of sections of holomorphic line bundles, which allows their
calculation. The first section of the paper contains general representation theory of
compact Lie groups. The second part contains the proof of the Borel-Weil theorem
whereas the last part contains the actual construction of K*(G) for G a compact Lie
group with torsion-free fundamental group. In the end we present an example.



1 Introduction

Let G be a connected compact Lie group and 7' its maximal torus. We write g (resp. gr)
and t (resp. tg) for their complexified (resp. real) Lie algebras. Let L be the unit lattice,
i.e., the kernel of the exponential map from t to 7. The weight lattice is T ~A = {\ €
ith|el®!) C 2miZ}. In the context of the adjoint representation of G in g, let ® be the set of
nonzero weights, i.e., the set of roots.

By complete reducibility of the adjoint representation we may write

g=1to (@ga> =n_Gton

aced

where g% = {X € g|[X,Y] = (,Y)Y,VY € tg}. Here ny = @ .4+ 9 is a Lie subalgebra
(n-=ny).

An element X € itg is called regular if it is not a zero of any root. Let ®* be the set of
positive roots associated with a regular element. A root is called simple if it is in ®* and if
it cannot be written as sum of positive roots. The set of simple roots is denoted by W.

For any « there is a choice of E, € g*,F_, € g % H, € it; so that [E,,FE_,] =
H,,[Ha, Fio) = £2F4,.

If W = Ng(T)/T is the Weyl group then there exist s, € W so that s, H, = —H,, s H =
H,¥Y(H,H,) =0.

The symmetries given by the simple roots generate the Weyl group. Also, any root 3
can be written (by construction of ¥) as

B=a+ - +a (1)

so that the partial sums aq + - - - + «; are roots.

The Weyl groups acts simply tranzitively on the set of Weyl chambers (connected com-
ponents of the regular elements). The maximal Weyl chamber is therefore a (nonessential)
choice

C* ={X eitg|(\, a) > 0}

I state three results that are going to be used in the subsequent sections of the paper.

Proposition 1 (Chevalley)The set {w € W w\ = A} is generated by the symmetries
{sal(X, ) = 0}.

For a proof see [Kna86].
The proof of the Borel-Weil theorem relies heavily on the following two theorems. Proofs
may be found in [Kna88, Var84, BtD95].

Theorem 2 (Theorem of the Heighest Weight) Let (m, V') be an irreducible representation
of G, \ a weight of ™ and let vy € V (i.e., the eigenspace of \) a nonzero element. Then
the following are equivalent:

1. XM+ « is not a weight for any positive root .
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2. w(g*)vo = 0 for any positive Toot c.

3. Every weight of m can be expressed as X minus a nonnegative linear combination of
positive roots.

In this case X is called a heighest weight and A\ € AN C', dimV* = 1. Via the Weyl
character formula, A\ determines m uniquely up to isomorphism.

Theorem 3 (Peter-Weyl) Let G be a compact Lie group and let G be the set of isomorphism
classes of irreducible unitary representations of G. (The theorem of heighest weight shows

that G =2 ANC".) Then
L*(G) = PVieV;,

(in the sense of Hilbert space completion).

2 The Borel-Weil Theorem

2.1 Holomorphic Line Bundles

Fix a root A. Define C, to be the representation space of the one-dimensional representation

of T on C via e*.

Definition 1 The holomorphic line bundle associated to A is the fiber product L) = G x7C,
(=G x Ci/{(g,2) ~ (gt 1, t)2)[t € T}).

Note that the 7" x C, bundle G x Cy, — G/T induces a C, bundle £, — G/T.
Therefore £, has the structure of a differentiable complex line bundle. Left translation on
G/T lifts to left translation on L.

The map 7 : G — G/T has local differentiable section so we get the following:

Remark 1 1. The mazimal torus T acts on the fiber at the identity via e*.

2. The differential structure on an open set U C G /T is given by
CX(U,Ly) = {f € C=(n'U)| f(gt) = eNt) f(9), Yt € T},

The first remark is obvious while the second one follows from the first one and the action
of Gon L,.

We have a good description of differentiable functions with values in the holomorphic line
bundle, but we would like a description of the holomorphic functions instead. These are the
ones that satisfy the Cauchy-Riemann equation, and on the level of infinitesimal operators,
these amount to annihilation by right action by n_.

The space of holomorphic maps on U is

OU) ={f €Cx(z"'U)If(gt) = f(9),Vt € T,r(X)f =0,YX €n_}.

The space of holomorphic maps on U with values in the holomorphic line bundle is given
by the following proposition (which also proves that £, has a holomorphic structure.
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Proposition 4 The bundle Ly has a complex structure which is compatible with its differen-
tiable structure so that G acts via holomorphic bundle maps. Holomorphic maps on U with
values in the bundle are

{fec=xm'U)|f(gt) =) f(g9),Vt € T,r(X)f =0,VX €n_}.

Proof: To prove this it is more effective to use notation imported from cohomology (or
more specifically in my case, from [GS69]). Note that C*°(U, £,) = (C®(7~1U)®C,)T, where
the exponent means that we take invariants under the action of the exponent. Moreover we
have that O(U, L)) = (C>*(U, L))" . Local isomorphism with O(U) induces the complex
holomorphic structure that we want. |

2.2 Holomorphic maps and Irreducible Representations

This section contains the statement of the Borel-Weil theorem. It is worth noting that this
follows directly from the theorem of the heighest weight.

Theorem 5 (Borel-Weil) Let X € A. Then O(G/T, L)) is
1.0isA¢ ANC .

2. For e ANC it is non-zero finite dimensional and the resulting representation of G
1s irreducible of heighest weight \.

Proof: We have the following characterization of holomorphic maps:
O(G/T,Ly) ={f eC®(Q)|rt)f =e M) f, ¥Vt € T,r(X)f =0,VX €n_}.

(The minus sign in the exponent comes from the right action.)
Since Fourier series may be differentiated term by term we may use the Peter-Weyl
theorem to get a characterization of holomorphic maps:

O(G/T, L)) = @Vi ® {v* € V¥ |mi(tv* = e Mty YVt € T, m} (X)v* =0,VX € n_}.
icd
Choose an ¢ so that the tensor product is not zero. Then v* # 0. The first condition
on v* says that v* € (V;*)~*. This is the place where we apply the theorem of the heighest
weight. Since the eigenvalue is with a minus sign, we want to apply the theorem to —W™
instead of U+,

The second condition on v* is that 7 (X)v* = 0,VX € n_. Since n_ runs over —U™ it
means that the hypothesis of the heighest weight is satisfied.

1. IfA¢ ANC then (V) = 0.

2. If A € ANC then dim(V;*)~* = 1. Then —\ is the heighest weight of 7 so X is the
heighest weight of ;.



Remark 2 Note that O(G/T, L)) = H°(G/T,O(L))), in terms of sheaf cohomology, since
they both represent holomorphic sections. There is a more general theorem, due to Bott, which

characterizes higher cohomology groups in terms of actions of W on the higheste weights.
See for example [AV00).

3 K-Theory of G

Let G be a compact Lie group with 71(G) torsion-free, T' the maximal torus. Consider
p1, P2, - - -, pr be the fundamental irreducible representations with maximal weights Ay, Ao, ..., N\
(meaning that \; are the simple weights in the dominant Weyl chamber).

This section follows the proofs in [Ati65].

3.1 K-

We are dealing with the K functor in the sense of Grothendieck, i.e., formal differences of
vector bundles over G. One may define K'(G) as K(SG) where SG is the suspension, or
alternatively, |G, U], where U is the unitary group. Then one can define K*(G) = K(G) &
KY(Q) as a Z/2Z-graded algebra due to Bott periodicity.

For p an irreducible representation of GG, when interpreted as p : G — U(n) — U for
some n, one gets an element of K'(G). Alternatively, consider G o G — SG, G- principal
bundle, where G o G = {ag; ® (1 — a)gs} is the topological join (as defined in [Mil56]). The
representation p induces a vector bundle V, associated with this principal G-bundle. Then
k(p) = [V,] — [RY™¢] € K'(G) is the associated K-theory.

One has the notion of Chern character on K-theory, a ring isomorphism from K*(G) ®
Q — H*(G,Q).

Lie groups are parallelizable, and they have a Spin structure, which implies that (via the
Thom isomorphism theorem) we get a push-forward map

fo: K*(G) — K*(pt) =Z

given by f.(z) = (ch(x)Td(G),[G]), where Td is the Todd class. In the case of Lie groups,
this is just one, so f.(x) = ch(x)[G].

3.2 Structure of K* for G,T,G/T

3.2.1 Kunneth formulas

Let p: G/T x T — G be the conjugation map, p(g,t) = gtg~'. Using the Lefschetz fixed
point theorem for left translation on G/T" together with a calculation of det(1 — Adg) yeilds
that p has degree x(G/T) = |W|.



This allows us to relate K*(G) to K*(G /T xT). Atiyah ([Ati62]) proves that for K-theory
there is a Kunneth formula

0 — KX)o K(Y) — KXxY)—Tor(K(X),K(Y)) — 0.

Remark 3 Since all irreducible representations of T are one dimensional, K*(T) is an
exterior algebra on k'(\;), where the k'(\;) € K(G/T) are associated to \; as vector bundles.

Since this algebra is torsion-free, the Kunneth formula above is equivalent to K*(G/T x
T)=K*(G/T)® K*(T).
3.2.2 G/T

Therefore, in order to get information about K*(G) we need to understand, on the one hand
the structure of K*(G/T) and on the other hand how it interacts with K*(7'). We will not
get full descriptions, but we will use the Chern character to get sufficient information to find
K*(G).

The following proposition gives the relation between the three K-theories.

Proposition 6 Let p be a representation of G with weights i1, pia, . . ., fon. Then

pk(p) = K (1) @ klp;).

Proof: Consider the following diagram of principal bundles:

Gx (ToT) GoG

; 5

G/T x ST —L = (GoG))T

; lg

S(G)T xT) 2> 5¢

The bottom map is the suspension of p, the top map is induced by left translation. All
the other maps are constructed in the obvious way, which makes the diagram commute (1
is projection, € is projection together with the natural projection on joins, etc).

Consider t the principal T-bundle G'o G. Then f*i(t) is a principal T-bundle on G/T" x
ST. The T'x T bundle G x (T'oT) — G/T x ST is associated to f*i(t) via translations
(left the same as right since T is abelian). So for A € T take ¢()\) € K((GoG)/T) associated
to A (for bundles over T' we called this k’).

Then f*(A) is associated to the T x T-bundle which is associated to the representation.
Therefore, it will be &'(\) for the bundle G — G/T and V) for the bundle T'o T" — ST
by constructions. Therefore f*i(t) = k'(\) ® [Vi] € K(G/T) @ K(ST).

Now, all representations of T" are 1-dimensional, which means that V), has rank 1. There-
fore k(\) = [Vi] — [R] so

FU) = KO @ (1+ k().
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From here onwards all comes down to (general) nonsense:

W (Sp) Vol = g Vo] = > Fro(wa),

(this last equality is formal, since p has weights ;. Now this is equal by the above to:

D K (1) © (14 k(us))-

By construction of associated vector bundles » &'(u;) will be the vector bundle over G/T
whose fiber is the space of the representation p everywhere (since p; are all the weights of
the representation p). Therefore S° & (11;) = [R¥™7].
This implies the formula in the statement of the lemma by noting that h* is injective
(since it collapses endpoints).
|

323 T

The next proposition we need is concerned with the more intimate relation between the
representations and K*(7T'). Let R(T') be the representation ring, i.e., the integral ring of 7.
Let A =3 ve(w)e>* € R(T).

Proposition 7 If p; has weights A\;; then
!
I1 (Z Aij ® k()\ij)> = A [ k) € R(T) © K*(T),
1

Proof: Wesaw that K*(T') is an exterior algebra on [ generators so [[% (32 \i; @ k(\ij)) =
TSN © 3 Nijek(\)) = S a@ [ k(\) = AR [T k()) since whenever the second prod-
uct has repeating terms, it vanishes.

There is an induced action of the Weyl group W on R(T). W also acts on K*(T') by
acting on the generators: wk(\;) = k(wA;). This induces an action on R(T") ® K*(T') which
permutes the weights of the representations p;. The quantity on the LHS of the relation is
permutation invariant, so A ® [[I()\;) is W-invariant.

Therefore w € W = A@ [[k(N) = wAR[[Ek(N) = (WA) @ w][][k(N) = (WA) ®
[Th(wA;) = e(w)(wA) @[] k(N\;), since e(w) is actually the sign of the permutation, and we
are in an exterior algebra. Therefore wA = e(w)A.

Therefore A is W-alternating. If W is the dominant Weyl chamber then {A |\ € W}
form a basis for the W-alternating characters, where Ay = > - e(w)e*.

We would like to prove that A = A. Atiyah’s argument is somewhat incomprehensible,
so I use [Kna86]. For now all we know is that A is some (integer) linear combination of Ay
for A weights in the dominant Weyl chamber (since W acts simply tranzitively on the Weyl
chambers).

Every such weight is a nonnegative integer linear combination of the maximal weights
Ai. If the coeflicient of Ay is 0, then Chevalley’s theorem says that {w € W|wA = A} is
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generated by {s,|(\,«) = 0} which contains wy = s,,. Therefore we have the obvious
relation Ay = e(wg)Ayyx = —A, since s, are symmetries. Therefore Ay = 0.

In the expression of A, we have an integer linear combination of eX*e4. Since Ay < Ay
with equality occuring for exactly one (8 it means that A in the A, in the expansion of
A are all of the form Y n;A; < > \; with equality only for one A\. Therefore for exactly
one case A = Y \; the coefficient of at least one )\; is nonzero so the A, # 0. Therefore
A = Ay, = A after a coefficient comparison.

|

3.24 (G

Now we are ready to use the previous two lemmas to get a global result. Consider the
product bundle o = [] k(p;). Then we have the following.

Proposition 8 For«a defined above we have (cha, [G]) = 1, where ch is the Chern character.

Proof: In order to prove this lemma, we need to use a formula that we will not prove,
due to the fact that its proof is of a completely different nature than the focus of this paper.
Since x(G/T) = |W/|, formulas (20.1) and (20.3) in [BH59] give that (chk'(A), [G/T]) =
W(G/T) = W,

The rest of the proof is reduced to computations:

pra=p [[Fp:) =] k).
But by proposition 6 p*k(p;) = >_; k'(Aij) ® k(Aij). Therefore
pla= H(Z F ) @ k() = (K@ Ao [Tk,

by proposition 7.
Therefore

(chp*, [G/T x T)) = (chk/(8) ® [ k(A [G/T x T]) = {chk! (&), [G/T]) (ch ] k(A). [T0).

By the result at the beginning of this section, (chk'(A),[G/T]) = |W|. Moreover,
(ch[Tk(N\), [T]) = 1 because K*(T') is the exterior algebra on k(\;) and [] k();) is therefore
a maximal element of the K-theory, which means that it is mapped to 1 via the Chern
character (no other possibility, since ch is injective).

The proposition follows from here. |

3.3 Splitting Principle

In order to determine K*(G) we need to make use of the ”splitting principle filosophy”. This
means that we pull back vector bundles on G to vector bundles on G/T x T" and then prove
a certain injectivity property on the level of K-theory.
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3.3.1 Tors(K*(G))

One of the main problems of our approach to the calculation of K*(G) is the use of the
Chern character to obtain injectivity relations on the level of K-theory, i.e., in the splitting
principle. The Chern character is an isomorphism K* ® Q — H*, but ®Q cancels torsion.

Therefore we assume that TorsK*(G) = 0 and refer the reader to [Hod67] for a proof of
the fact that a torsion-free fundamental group implies a torsion-free K-theory.

3.3.2 K*(G)

We have assumed that this ring is torsion-free. Therefore it is isomorphic to H*(G,Q). It
is a standard result in Lie group theory (or alternatively, one can use the de Rham theorem
to prove it, see for example [Bre93]) that H*(G,Q) is an exterior algebra on [ generators,
where [ is the number of fundamental irreducible representations of G.

The main result is the following.

Theorem 9 K*(G) = Ak(p;).

Proof: Consider j : A(1,...,l) — K*(G) defined by j(i) = k(p;). In order to prove
the theorem we need to show that j is bijective.
Since rkA = 2! = rkH*(G, Q) = rkK*(G). Therefore [K*(G) : Imj] < co. The diagonal

map of the diagram

A—T1- K*(G)
lﬂ?H{ny*(xj(y))}
Homy(A,Z)

)

is an isomorphism. This is true because for any x € A, we may choose y to be so that
zy = [[v € A Then i(z)(y) = fu(i(2)i(y)) = f(I1k(p:)) = {ch[k(pi),[G]) = 1 by the
previous proposition. Therefore x is never mapped to the trivial map.

This proves injectivity.

Now Imj has finite index in K*(G) which is torsion-free, and by bijectivity of 7 it means
that Imj is a direct summand of K*(G) and therefore Imj = K*(G). This gives surjectivity.
|

4 Computations

We may use the Borel-Weil theorem to compute the irreducible representations of a compact
Lie group G, which allows us to compute generators for K*(G), when G has torsion-free
fundamental group.

For the purposes of this section, the statement of the Borel-Weil theorem in [Kna86]
seems more appropriate. The irreducible representation of highest weight A is given by
{F : G — C} so that F is holomorphic and F(xb) = e*(t)F(z),Vt € B where B is the Lie
group corresponding to b =t n_.



Since m1(SU(n)) = m1(SU) = w1 (U) = Z is torsion-free it means that we may apply these
methods to compute K*(SU(n)).

4.1 TIrreducible Representations of SU(n)
4.1.1 The case SU(2) = S3

The maximal torus is U(1) and G/T = SL(2,C)/B = CP'.
. a b

In this case B = {( 0 a-l
sponds to the simple weight 1 in the dominant Weyl chamber. Then O(G/T, L)) corre-
sponds to holomorphic functions on SL(2,C) on which B acts as multiplication by the top
left element in the matrix form. These correspond to degree 1 homogeneous polynomials in
two variables. On the level of G = SU(2), these polynomials acts as multiplication by the
column vector of coefficients.

Therefore K*(S?) is an exterior algebra on one generator. From Bott periodicity, this
generator should be the square of the Bott generator of K(S?). Therefore we have a char-
acterization of k(p) in terms of the standard Bott generator.

}. The fundamental irreducible representation corre-

4.1.2 The case SU(n)

The maximal torus is U(n — 1) and then G/T = SU(n)/U(n — 1) = CP" ! = SL(n,C)/P,
where P is the set of matrices for which the first column has only 0-s except for the top left
element. Holomorphic sections again correspond to homogeneous polynomials in n variables
this time, and the representation is given by matrix multiplication, for the simple root 1.

However, these are not the only fundamental representations of SU(n). This is the case
for n = 3 but in general one needs to look at holomorphic sections of line bundles over
Grassman manifolds.

5 Remarks

1. Independent of the results in [Hod67], this paper proves that K*(G)/TorsK*(G) =
AE(p;) just by replacing equality with equality  (mod TorsK*(G)) in the proof of the
theorem.

2. Since S! is a compact Lie group, the structure theorem for K*(S!) seems that this
theory circumvents the standard proof for Bott’s periodicity. This is not the case,
since the notion of K* already assumes the periodicity.

3. One could try to apply the same methods to get a K O-theory of compact Lie groups.
The methods exhibited in this paper would fail, since the Kunneth formulas are not
characteristic of general cohomology theories. For example, the Kunneth formulas for
cohomology and K-theory have very different proofs, and according to Atiyah ([Ati62]),
there is not Kunneth formula for K O-theory.
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4. The results in this paper deal with compact Lie groups with torsion-free fundamental
groups. In that case the torsion of the K-theory is 0. In general, this is not so, and
the structure of K*(G) is much more complicated.

In [HS73] the case of finite fundamental group for G is treated. For example, when
m(G) = Z/pZ for p prime one needs to pass to the universal Lie covering of G and
tensor the exterior algebra with the quotient of the representation rings of the Lie cover
and that of the fundamental group.
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