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Abstract

For differentiable complex manifolds the theory of elliptic operators and harmonic forms relate coho-
mology groups of complexes to the harmonic spaces associated with Laplacian operators. For compact
Kihler manifolds, there is a relation between the Laplacian operators A and O which leads to a decom-
position of the cohomology of differential forms as a direct sum of cohomologies of differential forms of
(p, q) type (Hodge decomposition). This theory may be restricted to the case of Riemann surfaces and
get important results, such as Kodaira-Serre duality, Riemann-Roch.
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1 Sheafitiation

1.1 Introduction
Let X be a topological space.
Definition 1 A presheaf F of abelian groups (rings, modules) on X is a map from the topology on X to
the category of abelian groups (rings, modules) with the following property:

For opens V. C U there exist restriction functions |y = puy,y : F(U) — F(V) so that for any sets
W CV CU we have py,w = pu,v © pv,w. Moreover, pyu = 1y.

Elements of F(U) are called sections of F over U.
Definition 2 A presheaf F is called a sheaf is the following two conditions hold:

1. If f is a section over U and g is a section over V such that flunv = glunv then there exists a section
h over UUYV such that f = hly and g = hly.

2. If f and g as before are the zero sections then h is also the zero section.
Definition 3 Let F be a sheaf on X. For x € X define the stalk at z to be
Fp = lim F(U),
the limit taken over all neighborhoods of x.

Elements of the stalk are called germs.



Definition 4 A map of sheaves f : F — G is a morphism of presheaves, in a categorical sense. A sequence
Flig 4w,
is called exact at G if:

1. gf =0.

2. For any p € X and neighborhood U of p, if h is a section of G on U so that gh = 0 then there exists a
neighborhood V- C U of p such that h|V = fk|V for a section k of F on V.

If X is compact then exactness is equivalent to exactness on stalks.

1.2 Examples

Sheaves are in some sense the next step up from vector bundles.

1. The sheaf of locally constant functions C.

2. The sheaf S defined as S(U) = [[,cyy Gp, where Gy are abelian groups associated with p. If all the
groups G, are equal we get the sheaf of functions X — G. If all are trivial except for one, we get the
skyscraper sheaf.

3. The divisor sheaf Div(X)(U) = @,y Z-

4. Sheaf of holomorphic functions Ox, sheaf of holomorphic p-differential forms Q%.

1.3 Cech Cohomology

As usually with cohomology, there is a functorial cohomology based on resolutions. However, from the point
of view of computations, Cech cohomology is most useful.

Let F be a sheaf on the space X.

Let U = {Uy,} be an open cover of X. For a multiset I with k indexes write Uy = [,.; Us. Define the
k-th cochain complex to be C*(U) = [[; F(Ur). For f € C¥(U) and a k-multiset I let f; be the projection
to ]:(U])

Define the coboundary operators dj, : C*(U) — C*+1(U) as dpf = g, such that if T is a (k + 1)-set then

k

g1 = Z(_l)iff\{i}|Uu

=0

Let H*(U,F) be the cohomology of this complex. The natural ordering of coverings means that we can
make sense of a cohomology of X as

H* (X, F) = lim H* (U, F).
The following properties are easy to prove
Proposition 5 1. H'(X,F) = F(X). (Since H*(U,F) = F(X) for all coverings U.)
2. HY(X,F) =0 if and only if H*(U,F) = 0 for all coverings U.

General cohomology theory for H*(X, F) implies the following theorem ([Mir95]).



Proposition 6 Let X be a paracompact space with an exact sequence of sheaves on it
0—F —G—H—0.

Then there exists a long exact sequence on the level of cohomology

0 — HYX,F)— H°X,G) — H*(X,H) —
— HYX,F) — H'Y(X,G) — H{(X,H) —
— H*(X,F) — H*(X,G) — H*(X,H) — ...

Definition 7 The sheaf F on X is called fine if there exist partitions of unity. More precisely, if for any
covering U of U there are maps fo : F(Uy) — F(U) such that the support of fo(z) is contained in Uy and

2 falzlu,) ==
Lemma 8 Let F be a fine sheaf and X paracompact. Then for all k > 0 we have H*(X, F) = 0.

Proof: Let U be a locally finite cover. Let x be a closed k cochain on the Cech cochain complex defined
for the cover U.

Define y a (k — 1) cochain as follows:

For each I a (k — 1)-multiset of indexes set

yr = Z fiwiur,

el

where f; is a partition of unity and the terms in the sum extend by 0 to all of X.
It is easy to see that dy = =x. u

2 Cohomology on Complex Manifolds

Let X be a complex manifold, T X be the cotangent space at z € X. The complex structure on 7,X implies

the existence of a decomposition
T:X =T'"°X e T X,

into the plus and minus eigenspaces of the complex structure.

In terms of local coordinates z1,. .., 2, at p, the cotangent space T;1°X is spanned by dz1,...,dz, (it is
called the space of holomorphic 1-forms) while the space T}%!X is spanned by dzi,...,dz, (it is called the
space of antiholomorphic 1-forms).

Definition 9 Let EP9 be the sheaf APT*'O0X @ AIT*01X . Let £ be the sheaf N"T*X.
The operators 0,0 on T, X extend to sheaf operators 8,0 on EP+1,
Proposition 10 (Poincare § lemma) On a complex manifold X we have the following ezact sequence:
0—Qr —er0 Ly ept 2,
Definition 11 Define H?9(X) = H(X,EP(X)) the Dolbeault cohomology groups of global (p, q)-forms.

Note that even though the Dolbeault complex in the Poincare lemma is exact, exactness is on the level
of sheaves. For global sections the sequence is no longer exact.

Theorem 12 (Dolbeault) For X a complex manifold we have
HI(X,0F) = HM(X).



Proof: Since £77 is fine Lemma 8 implies that H*(X,EP7) = 0.
Moreover, the Poincare 0-lemma gives the following short exact sequences (where ZP'? stands for the
sheaf of closed (p, ¢)-cochains:

0— 0P — g0 2Pl 40

0— 2P0 — gra — ZPatl 4

These gives long exact sequences on cohomology (Proposition 6)

LLCHTYX,EPY) — HOY(X, 2P — HY(X, Q) — HY(X,EP0)...
LHIT2(X,EPY — HI?(X, 2P?) — HOY(X, 2P — HTH(X, EPY) L

LJHYX,EP0?) — HY (X, 2PN — HA(X, 2P0 %) — HY(X,EP7?)...
HO(X, Pty 9y [O(X, 2P) — HY(X,ZP0Y) 5 H(X,EPaLY
Since the outter groups are trivial we get the isomorphisms

HIY(X,0P) = HYX,2PY)=...=HY(X,2P% ") = H'(X, 2P)/OH (X, EP971)
Zp,q(X)/ggp,q—l(X) = HPI(X).

3 Elliptic Operators

3.1 Differential Operators

Let X be a compact differentiable manifold.

Let Y g;jdx; ® dx; be a Riemann metric on X. Consider the volume element dy = /| det g;;|dz1 . .. dzy,.
Let E be a Hermitian vector bundle on X.

Define W°(X, E) to be the completion of differentiable sections of E with respect to the L2 norm (dpu).
Using partitions of unity, we may define the s-Sobolev norm on sections of E in terms of the Sobolev norm
on differentiable functions:

I1f12 = / FPA+ ) dy,

where f is the Fourier transform.
Let W#(X, E) be the completion of the space of sections with respect to this norm.
There are two important theorems regarding these spaces, proven in [Wel80] (4.1).

Proposition 13 (Sobolev) If f is L2(R™) measurable with finite s-Sobolev norm such that s > |n/2|+k+1
then f is k times differentiable.

Proposition 14 (Rellich) If t < s the inclusion operator Wt C W* is compact.
Let X be a compact differentiable manifold and E, F' complex vector bundles on X.

Definition 15 An operator L : E(X) — F(X) (global sections) is called o k-differential operator if
when passing to local trivialisations we get a linear partial differential operator of order k. The space of
k-differential operators is Dif fr,(E,F).



Definition 16 Let OP,(E, F) be the space of k-operators, i.e., the space of operators L : E(X) — F(X)
such that for all s there is a continuous extension Ly : W* — W*~F. Note that Dif fx C OPy.

Sobolev’s lemma (13) together with existence of adjoints gives the following proposition:

Proposition 17 For L € OP(E, F) there exists an adjoint operator L* € OPy,(F, E) such that the exten-
sions to W* and respectively W*=F are adjoint with respect to the Sobolev norm.

Definition 18 Let E*, F* be the pullbacks of E and F to the bundle of nonzero cotangent vectors. A k-
symbol o : E* — F* is a linear map that satisfies o(u,zv) = x¥o(u,v) for any uw € X and v € E,. Let
Symbg(E, F) be the space of symbols.

Proposition 19 There is a natural map oy, : Dif fr(E, F) — Symby(E, F).

Proof: Let L be a k-differential operator. We define oy (L)(u,v) at each w € E*. There exists a global
differentiable function f such that df|u = v and a global differentiable section g of E such that g(u) = w.

Define o4 (L)(u,v)w = L (i* /k!(f — f(u))*g) (). It is not hard to see that this is independent of choices.
|

Note that since we evaluate the symbol at u, if the differential operator L has no k order terms, the
symbol will be 0. The other directions is also true and the kernel of the o map is Dif fr_1(E, F).

An easy consequence of Proposition 19 is that o (5) = im,1v A w for the Dolbeault complex. For the de
Rham complex we have o1(d) = iv A w.

We end this section with a proposition that will be useful to prove that certain operators are Fredholm.

Proposition 20 If X is compact and L € OP_,(E, E) then L is compact.

Proof: By definition of OP_; we have a commutative diagram

Ws+1

where 4 is the compact inclusion by Rellich’s lemma (14).
Therefore L is a compact operator when of order 0. u

3.2 Elliptic Operators

Let L € Dif fy(E, F).

L is called elliptic if o4 (L)(u,v) is an isomorphism on fibers.

I now use a theorem from the theory of pseudodifferential operators ([Wel80], 4.3). There exists a
pseudodifferential operator L~! such that L='L — 1 € OP_1(E). Therefore this is compact. Then the
operator L~ 1L is Fredholm (see for example [Ati89]) and so Ky, = ker L is finite dimensional. Moreover, by
successive applications of the Sobolev lemma (13) (for a solution z € K, <= z = (L !L — K)z where K
is compact) we get that Ky, C E(X).

Let L € Dif fr(E) be a self-adjoint elliptic operator.

Proposition 21 There exist maps Hr,GL acting on global sections of E such that
1. ImH;, =Ky and LG, + H, =GL+ H;, = 1.
2. Hy,Gr € OF,.
3. E(X)=Kr®GLL(E(X)).

Proof: The map Hy, is easy to define. Simply take projection to K.

There is a continuous bijection ([Wel80], 4.4.4.11) from W* N K7 — W°N K{. The open mapping
theorem gives an inverse Gy. Take G = Go|E(X).

Points 1 and 2 are now clear. Point 3 comes from the decomposition for self-adjoint operators. n



3.3 Harmonic Theory and Cohomology

An elliptic complex is a sequence £ = (Ey) of differentiable vector bundles with operators Ly, : Ex(X) —
Ej41(X) with the obvious condition L? = 0 and such that the associated sequence on the level of symbols
is exact. Let H*(E) be the cohomology of this complex.

Define the Laplacians A; = L}L; + L; 1L} ;. These are maps of complexes.

Proposition 22 The operators A; are self-adjoint and elliptic.

Proof: Self-adjointness is clear.
By definition of symbol, we have

o2k (A;) = ook (Li) ook (Li) + ook (Li—1)o2k (Li—1)* = s} si + si—187_.
The ellipticity of the complex implies that we have a commutative diagram with both rows exact:

8i—1 8i
Liy ——Li—— L1

T

Li—l -% Lz‘ % Li+1

Si—1 8

It is clear from the diagram that L; = Ims;_1 @ Ims]. Now it is clear that s}s; + s;_1s}_; is bijective on
Ims;_1 ® Ims; for nonsensical reasons. u

Therefore we may apply the results from the previous section. Set K(Er) = Ka,. For simplicity write
E =@ Ej. It is efficient to think of this as a grading,.

Define L = @Ly, H = ®@Ha,, G = ®Ga,. Then we have

A = LL*+L*L

1 = H+GA=H+AG
HG = GH=HA=AH=0
LA = AL

We continue with a technical lemma.

Lemma 23 Let s be a global section of E. Then As = 0 if and only if Ls = L*s = 0. This implies that
LH=HL=0 and LG = GL.

Proof: With respect to the 0-Sobolev norm we have
(As,s) = [|Ls||* + [|L*s].

Adjointness of H implies the second relation.

Since L and G are both 0 on K(E), it is enough to show the commutation relation on K(E)L. The first
part of Theorem 24 implies that these elements are of the form As for s € GE(X).

This will follow from a series of equalities that use the relations metioned until now.

DLAs — LGAs = GALs— LGAs
= (1-H)Ls—L(1—-H)s=(LH—-—HL)s=0

The following theorem makes the connection between harmonic theory and cohomology.
Theorem 24 1. We have the orthogonal decomposition

E(X)=K(E)® LL*GE(X) ® L* LFE(X).



2. We also have
K(Ey) = H*(&).

Proof: The decomposition theorem for elliptic operators gives
E(X)=K(E)® (LL*GE(X) + L*LFE(X)).

But the adjointness property of L (recall that L? = 0) implies that this is a direct sum.

To prove the cohomological statement define H : Z*(£) — K(E}) by just applying the map H to the
corresponding node in the complex.

Surjectivity of H follows from I = H + GA. We only need that ker H = B*(£).

Assume that Ho = 0 and Lo = 0. We have the decomposition

0=Ho+ LL*Go + L*LGo.

Since LG = GL from the previous lemma, we get that o = LL*Go. Therefore ¢ is a coboundary. n
We will later apply this interpretation of cohomology to prove the Hodge decomposition theorem for
Kahler manifolds where there are certain relations among these harmonic operators.

4 Compact Kahler Manifolds

4.1 Operators on Vector Spaces
Let X be a compact complex manifold. Let E be a hermitian vector space of complex dimension n.

Definition 25 The Hodge star operator x : A E — A2 % E such that x A xx is the volume form for any
x basis element of AKE.

Note that this implies that x A xy = (z,y)v, where v is the volume element, i.e., v = e1 A ... A eap, for basis
€;.
Let AE = @ AFE. Let py be projection onto the degree k space of this graded ring. Let w = > (—1)kp;, =
xx. The choice of letter w is not random, since this represents the reflection of the Weyl group of SU(2).
Let E* be the complexification of the real dual space of E (E* = E} ®r C). There is an obvious
decomposition E* = E*1'0 @ E*0:1 If we write EP?9 = APE*10 A AE*01 then we have the decomposition

AE* = @ Ot g=n EPI. (1)
n

Consider the basis z1,..., 2, of E*0. Then z,...,2, is a basis of E*%1. The hermitian inner product
h on E is given in local coordinates by h = Y~ hj2; ® Z;.

Definition 26 The fundamental (1,1)-form associated with h is @ = —Imh/2 = £ > hijz; A Z;.

Note that the operators x and pj extend to AE*. Let p,, be projection to EP¢ (formula 1). Define
J = > 9, : AE* — AE*, the complex structure operator on the complexified tangent space. Note
that J? = w.

4.2 Operators on Complex Manifolds

Let X be a compact complex manifold. The operator * extends to an operator on the exterior product of
the cotangent bundle AT*X. This induces an isomorphism between differentiable sections of A*¥T*X and
differentiable sections of A2~ FT*X.

Note that *1 = v is the volume element of X (where 1 represents the constant section of the trivial C
bundle on X). Define the Hodge star metric to be (f,g) = [ f A xg, where f, g are both differential forms
of the same degree. It is easy to prove that formula 1 is compatible with respect to the Hodge star metric.

The following proposition describes the relation between the adjoints of the usual operators with respect
to the Hodge star metric and the operators themselves.



Proposition 27 We have that d* = — x dx. This implies that A = dd* + d*d commutes with *.

Proof: Let f,g be k-forms. Recall that x* = w and *wx = 1. By Stokes’ theorem we have
o) = [ drnsg= [ asnsg+ (-0 [ fadig
X X X
= (-1)’“/ f Adxg = (—1)’“/ f A FFwd%g
X X

- / f AR(FdR)g = —(f, 7d%g)
X

T used that if g is a k form, then *¢g is a (2n — k) form, d*g is a (2n — k + 1) form. Since by definition
w = Y_(—1)’p; and so w acts on this form as multiplication by (—1)F~!.

The commutation relation follows from the adjointness relation.
|

The operator * may be extended to a vector bundle AT*X ® £. This way we get an operator xg from the
space of (p, q)-forms on & to the space of (2n — p, 2n — ¢)-forms on £*. The following proposition is proven
in a similar way to the previous one.

Proposition 28 We have 0* = —%pd%g. Therefore the complex Laplacian O = 80* + 0*0 commutes with
the bundle star operator.

4.3 Representations of sl,(C)

This section assumes familiarity with Lie groups, Lie algebras, representations of Lie algebras.

There are elements E,, E_, H € sl3(C) so that [H,E,] =2E,,[H,E_|=-2E_,[E;,E_]=H.

For a representation m of sl(C) on a finite dimensional vector space V' (recall that by Weyl’s unitary
trick this is completely reducible) we have the following actions on weight spaces:

n(Ey) @ VA — VA2
n(E_) : V) — VA2

There is one irreducible representation (up to equivalence) of sl2(C) on V. If {vg,...,v4} is a basis of V'
then the representation is given by 7 (H)vg = (d—2k)vg, n(Ex)vg = (d+1—k)vg—1,7(E_)vg = (k+ 1)vgs1-

Let E be a hermitian vector space with the operators L = QA and L* on AE*. Consider the representation
7 of sl5(C) on AE* given by n(E}) = L*,n(E_) = L,n(H) = [L*,L] = 220(71 — k)pr. This is a
representation since the commutation relations hold, as proven in the previous section.

Let 7' be the restriction of 7 to SUs (note that 7' is unitary).

For a k-form f, let f also denote the function fA. For example L = Q and L* = Q*.

Proposition 29 For any k-form f we have
7 (w) fr' (w) ™t = —iJf*TL

Proof: The proof of this proposition will use a differential equation for a more general function fo-
Define f, = n'(2zw/n) fr' (2zw/m)~".
Then f/; is the left hand side of the proposition.

It is easy to show that [L*, fl = —=Jf*J 1. Since L* = Q* commutes with both J and f* we get that
[L*,[L*, f]] = 0. Therefore using the power series expansion of exp we get the differential equation for f,:

fo = i(ad(L*) + ad(L)) f»
fo = 7

The unique solution to this equation is f, = coszf + i sinzad(L*)f.



The result now follows from the fact that f,r/Q = i[L*, f] = —iJf*JL.
|
Having made the connection between our slz(C) representation and the operators L, L*, we still need a
connection with the Hodge star operator. The following proposition will give this connection.

Proposition 30 If f is a k-form, then xf = ikQ_"J_lr'(w)f.

Proof: For k-forms we have that *f = (—1)*¥ f*x and x1 = v, the volume form. Define the operator
F =ik -nj-1g/ (w). In order to prove the equality, it is enough to prove that this operator satisfies the same
two conditions as *.

The rest of the proof follows from the previous proposition (for the second condition) as well as the
general form of the representation 7 (for the first condition). ]

Define the commutating operator d, = J~'dJ = wJd.J. On functions this is equivalent to d, = —i(d — 9)
and so dd, = 2i09.

4.4 The Kahler Condition

Let X be a hermitian complex manifold and let Q be the associated (1, 1)-form.
Definition 31 The manifold is called Kahler is d2 = 0.
Lemma 32 If X is Kdhler then [L,d] =0 and [L,d*] =d..

Proof: [L,d|f = Ldf —dLf =QAdf —d(QAf)=QAdf —QAdf =0.

We will prove the adjoint of the second relation. Let f be a k-form.

Just like in the proof of Proposition 29 we take d, = 7' (2zw/7)dn’ (2zw/7)~t. Similarly to the proof
there we get that d, = ) %adk (iz(L + L*))d. The Kéahler condition translates as ad(L)d = 0.

This implies that d, = 3" ax(z)ad”(L*)d. So d, /s = Aad(L*)d.

But by definition we get that this is equal to 7' (w)dr' (w)~!. Lemma 32 implies that 7' (w) f = i"~*" J = f.
Also 7' (w)~1f = i¥’ =7 x=1 J=1f. Therefore we get that 7' (w)dr' (w) ' f = iJd*J 1.

Therefore, we get that ad(L*)d divides iJd*J~'. Therefore ad*(L*)d = 0 for k > 2. So d, = ao(x)d +
a1 (x)ad(L*)d.

As before we get that d, = coszd + isinzad(L*)d. Therefore d, /o = i[L*,d] = iJd*J ' = —iJ 'dJ =
—id,. [ |

There are operators A, 0,00 on X. In general there is no efficient way to relate these operators, but in
the case of Kahler manifold, the fact that the associated form is closed yields the following theorem:

Theorem 33 If X is Kdahler then .
A =20=20.

Proof: We have that [A, L] = —d[L, d*] — [L, d*]d. Therefore, the previous Lemma implies that [A, L] =
—dd, — d.d. But we saw that dd. + d.d = 2i(80 4+ 89) = 0. Therefore LA = AL.

Note that A = dd* + d*d = d[L*,d.] + [L*,d.]d, a dual of the previous Lemma. Therefore 40 =
4(00* + 0*9) = A + A. = 2A. The conjugate relation is proven similarly. u

5 The Hodge Decomposition Theorem

We now have the tools to prove the Hodge decomposition theorem for compact Kihler manifolds.

Consider the de Rham complex A*T*X (X) and the Dolbeault complex AP*T*X (X). We calculated the
symbols of the operators d and 8 in Section 3.1. These prove that the de Rham and Deolbeault complexes
are actually elliptic.

Therefore, Theorem 24 implies that we have

Ki(X) = K(ANFT*X (X)) = H¥(X,A*T*X (X)) = HER(X) = H¥ (X, C).

10



Moreover, for the Dolbeault complex we have that
Kpq(X) = K(ANPIT*X (X)) = HY(X,A\P*T*X (X)) = HPY(X) = HI(X,QP),
this last equality coming from the Dolbeault lemma.
Theorem 34 (Hodge) Let X be a compact Kihler manifold. Then
H™"(X,C) = @pyq=nH"(X),

with HP? = HOP.

Proof: By the previous discussion, it is enough to prove that the same relation holds on the level of
harmonic forms.

Let f € K,. Then Af = 0. By Theorem 33 we get that O f = 0. Writing out the homogeneous terms
f =23 fpq we get that > 0Of,, = 0.

Note that O preserves each of the spaces AP4T*X (X) and so each Of,, = 0. Therefore we get a map
Kn — &Kpq.

Bijectivity follows from construction.

The conjugation property is a simple consequence of the conjugation property on the level of global
sections of the bigraded cotangent space. [ |

6 Applications

6.1 Duality Theorems

The following duality theorem is useful for proving Riemann-Roch formulae.

Theorem 35 (Serre, Kodaira) Let X be a compact complex manifold of complex dimension n. Let E be
a holomorphic vector bundle on X. Then

HY(X,QP(E)) = H" (X, Q""P(E")).

Proof: Follows from the Dolbeault lemma and the fact that the operator g is an isomorphism. n

6.2 Topological Invariants

Define the Hodge numbers hp , = dim¢ H?(X, Q2?) = dim K?9(X). The Dolbeault lemma guarantees that
these numbers are finite. These are topological invariants, even though apparently depending on the hermi-
tian structure on X.

Let E be a holomorphic vector bundle on X. Define hy, ,(FE) = dim¢ H4(X,Q?(E)). Define the Euler
characteristic as x(E) = Y_(=1)¥hg .

Theorem 36 (Hirzebruch-Riemann-Roch) If X is a compact complex manifold and E is a holomorphic
vector bundle then we have
X(E) = (ch(E)Td(X), [X]),

where ch is the Chern character and Td is the Todd genus.

A proof of this theorem may be found in [?]. T will show that it reduces to the classical Riemann-Roch
theorem when X is a compact Riemann surface and E is a holomorphic line bundle.

Theorem 37 (Riemann-Roch) Let X be a compact Riemann surface and D o divisor on it. Let Q(D)
be the sheaf of divisors which are > —D at each point. If (D) = dim H°(X,Q(D)) and K is the canonical
divisor, then

I(D)—l(K—-D)=dimD+1—g.

11



Proof:

Let E = Q(D), a rank 1 vector bundle. Then by Hirzebruch-Riemann-Roch we get that x(E) =
(ch(E)Td(X), [X]).

We have that x(E) = h%° — k%! = dim H°(X,Q(D)) — dim H*(X, Q(D)*). By Serre duality this is equal
to dimHO(X,Q(D)) — dimHO(X,Q(K —D))=1(D) - I(K — D).

Therefore we only need to prove that (ch(E)Td(X),[X]). But ch(E) = 1+ ¢;(E) and Td(X) = 1+
c1(X)/2. Therefore (ch(E)Td(X),[X]) = ((1 + e1(E))(1 + e1(X)/2),[X]) = {(a1(E) + a1(X)/2,[X]) =
x(X)/24+ a(E)X]=1—g+degD.

To see that c; (E)[X] = deg D, we need that c1(E) = deg D - h, where h is the generator of H2(X). Note
that if D is just one point, then Q(D) is the canonical line bundle. Moreover, Q(D + D') = Q(D) & Q(D").
Since ¢ is additive with respect to ®, we get the desired result.

| ]
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